THE STABILIZER SUBGROUPS OF THE 
AUTOMORPHISM GROUP OF CERTAIN REAL 
EXCEPTIONAL JORDAN ALGEBRA. 

AKIHIRO NISHIO 

Abstract. Let be the real form of complex simple Jordan al- 
gebra with the automorphism group -F4(-20)- The stabilizer groups 
of F4(_20)-orbit on are determined. As an application, for 
F4(_20)i the Bruhat and Gauss decomposition, the Iwasawa de- 
composition and also the Iwasawa decomposition with respect to 
in the sense of T. Oshima and J. Sekiguchi are given concretely. 
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0. Introduction and Overview. 

Let G be an exceptional linear Lie group of type F4 defined by the 
automorphism group of an exceptional Jordan algebra. The objective 
of this paper is for G = F^_2o) , to solve the following two problems: 

(I) A classification of G-orbit: 

(La) the decomposition of the space of ele- 
ments in which G is represented, into equiv- 
alence classes or "orbit". 

(Lb) the determining the Lie group structure 
of the stabilizer group for each G-orbits. 
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(II) For G, giving concretely the Bruhat and Gauss de- 
composition, the Iwasawa decomposition and the Iwa- 
sawa decomposition with respect to (cf. [2S])- 

Solving two problems for G = F^^20) and = Spin°(8, 1) is basic, 
since its Lie algebra f4(_2o) is rank one and the pair of Lie algebras 
(f4(_2o), so(8, 1)) is split rank one (cf. (27]). The orbit decompositions 
are given not only for G = -F4(_2o) in but also for G = Ff and 
-^4(4) in [25] • tliis paper, we will solve the problems (Lb) and (II) for 
G = F4(_2o) and K, = Spin°(8, 1). 



The exceptional Jordan algebra J'^ is defined in fll.Sp with the Jor- 
dan product X o Y, and has the trace tr(X), the non-definite but 
non-degenerate inner product (X|y), the identity element E of Jor- 
dan product, the cross product X xY, the determinant det(X) and the 
characteristic polynomial $x(A) (cf. ([I3D, (OH, (USD, ffTTTT]) ). The 
linear Lie group -F4(_2o) is defined to be the automorphism group of 
the Jordan algebra J'^ with Jordan product (cf. ( I1.12p ). Then -F4(_2o) 
preserves the trace, the inner product, the identity element, the cross 
product, the determinant and the characteristic polynomial by Propo- 
sition [T31 Then for the certain elements Ei, Fl{x), P^, P~, Q^{x) 
and Q-{y) (cf. (II2D, dH, dH), we have: 

Main Theorem 1. The orbit types of F^^20)- orbits on are given 
as follows. 

(1) Assume that X G admits the characteristic roots Ai > A2 > 
A3. Then X can be transformed to the following canonical forms by 
-^4{-20) with the following type of stabilizer group. 



The canonical forms of X 


The type of stabilizer group 


1. diag(Ai, A2, A3) 


Spin(8) 


2. diag(A2, A3, Ai) 


Spin(8) 


3. diag(A3, Ai, A2) 


Spin(8) 



(2) Assume that X G admits the characteristic roots Ai G M, 
p ± V— Ig with p G M and q > 0. Then X can be transformed to the 
following canonical form by F^_2q) with the following type of stabilizer 
group. 

The canonical forms of X The type of stabilizer group 
4. diag(p,p,Ai) + F3^(g) Spin'^(7, 1) 

(3) Assume that X G JT"^ admits the characteristic roots Ai of mul- 
tiplicity 1 and A2 of multiplicity 2. Then X can be transformed to the 
following canonical forms by -F4(_2o) with the following types of stabi- 
lizer group. 
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The canonical forms of X The type of stabilizer group 

5. diag(Ai, A2, A2) Spin(9) 

6. diag(A2, A2, Ai) Spin°(8,l) 

7. diag(A2, A2, Ai) + P+ Spin(7) x ImO 

8. diag(A2, A2, Ai) + P Spin(7) x ImO 

(4) Assume thatX G J^^ admits the characteristic root of multiplicity 
3. Then X can he transformed to the following canonical forms by 
-^4(-20) 'W'^th the following types of stabilizer group. 

The canonical forms of X The type of stabilizer group 

9. |tr(X)E i^4(-20) 

10. |tr(X)E + P+ Spin(7) x (ImO x O) 

11. |tr(X)E + P Spin(7) x (ImO x O) 

12. kr(X)E + g+(l) G2 X (ImO x ImO) 



Let us denote G = -F4(-20) and its Lie algebra as g := Lie{G). For the 
certain element G G (cf. (13. 2p ) such that cXi 7^ 1 and af = 1 where 1 
is denoted the identity element of G, let us denote involutive automor- 
phisms 5"j : ai{g) = cr^gai for g E G. Then in Proposition 13. 16( 2) (3) 
and Lemma [6.21 

K ■= G^' = Ge, = Spin(9), K, = G^^ = Ge, = Spin°(8, 1). 

Let us denote the differential of di also as o"i : 5"i0 = aicpai for G g. 
In Lemma 14.2( 3). ai is a Cartan involution. Let g = t © p be the 
Cartan decomposition with respect to 5"i. Then t = Lie{K). For certain 
element ^3(1) G p (cf. (13. ip ). the 1-dimensional subspace a of p and 
the one parameter subgroup A are defined as a = {^^43(1) | t G M} and 
A := exp a, respectively. The subgroup M of K and its Lie algebra are 
defined as M := Zxia) and m := Zi{a), respectively. For the linear 
functional A on a, let us denote Q\ := {X G g| [H,X] = X{H)X for H G 
a}. Then in Lemma [4.51 there exists the linear functional a on a such 
that g = g_2a © Q-a © a © vn © g^ © g2a and a is a maximal abelian 
subspace of p. Here 

Qa = {Giix)\ X G O} and g2a = {^2(p)| P G ImO} 

(cf. (14. ip for the definition of Qi{x), Lemma [4.5r i)). and so any ele- 
ments of go; and g2a are given by elements of O(octonions) and ImO 
(vector part of octonions) (cf. (11.11) . (II. 2p ). respectively. Put n+ := 
Qa © g2Q, n~ := g_Q © g_2Q:, := expn+ and N~ := expn", re- 
spectively. Then and N~ are nilpotent subgroups of G such that 
ai{N^) = {reap). Moreover, there exist the certain mappings 
X ^ {X)e., G M and X f-^ (X)^i G O for X G (cf. flTTTU]) ). and 
the mappings ipi : G ^ O, ip2 '■ G ^ ImO and ip^, '■ G ^ G (cf. 
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(I5.3p . (l5.4p . fl5.5p ). Then concrete construction of the Bruhat and Gauss 
decomposition of -F4(_2o) is given as follows. 

Main Theorem 2. 

(1) Assume that g G -F4(-20) o^nd {gP^\P^) ^ 0. Let 



ncig) := exp{t{gi{^i{aG{g)nGig)g ^) 

Then 

(1) {gP+\P-) < 0, andacig), ndg), ndg), rndg) are well-defined, 

(ii) mcig) G M and 

g = mG{g)aG{g)nG{g)nG{g) E MAN+N-. 

(2) Assume g G -F4(_20) o.iT'd {gP^\P^) = 0. Let 



a'{g) = exp(tii(l)) G A, 

n\g) := exp(t(6;i(V'i(aia'(^7)^?-i) + 2G2{iJ2{(yia' {g)g-^))) G iV+, 
m'(^7) := ij,{a,a\g)g-^)-\ 



(i) ((7i?i|P ) < 0, and a'{g), n'{g), m'{g) are well-defined, 

(ii) m'{g) G M and 




aG{g) := exp(ti^(l)) G A, 




-\ogi~{gE,\p-))eR, 



Then 



g = m\g)a\g)n\g)ai G MAN' 



ai = MAN+aiN-. 



(3) 



MAN^N 



{^?eF4(_20) I {9P^\P-)^Q} 
{(?GF4(_20) I (^7P+|P-)<O}7^0, 



MAN+aiN" 



{^7GF4(-20) I (^7P+|P-) = O}7^0. 
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Especially, 

F4(_20) = MAN^^N' Yl MAN^aiN' (Bruhat decomposition) 

= MAN^N- Y[ MAN^ai 
(4) MAN^N^ is open dense in F^^20)- Especially 

-^4(-20) = MAN~^N^ (Gauss decomposition). 

The concrete construction of the Iwasawa decomposition of -F4(_2o) 
is given as follows (cf. Remark 18. lOp . 

Main Theorem 3. For any g E F^^20), 



(1) {gP \Ei) < 0, and H{g), n{g), k{g) are well-defined, 

(2) k{g) G K and 

g = k{g){expH{g))n{g)eKAN+. 

The Iwasawa decomposition of -F4(_2o) with respect to in the sense 
of T. Oshima and J. Sekiguchi is given as follows. 

Main Theorem 4. Let T> he the domain of -F4(-20) defined by 



H{g) 



Uog{-{gP-\E,))A\{l)ea, 




gn{g) exp{-H{g)). 



Then 



V : 



{(7GF4(_2o) I {gP-\E2)>Q}. 



For any g E V, let 



He{g) 



hog{{gP-\E2))Al{l) e a, 




gn,{g) ^ exp{-H,{g)). 



Then 
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(1) k^{g) e and 

g = K{g){expH,{g))n,{g) G K,AN+, 

(2) V = K,AN+ = {g e F^_2o) \ {gP~\E2) ^ 0}. Especially, V is 
open dense in -F4(_2o)- 

There are two kinds of stabilizer groups of G. One is the kind of 
semisimple groups that are isomorphic to Spin groups. In Section 2, we 
explain the groups Spin(8), Spin(7) and G2 by using the "triality". In 
Section 3, in Lemma [3l2l we show isomorphisms from Spin(8) or Spin(7) 
into G. Next we construct the stabilizer groups Spin(9), Spin°(8, 1) and 
Spin°(7, 1), showing these groups are connected and two hold covering 
of S0(9), 00(8, 1) and 0°(7, 1), respectively. 

The other kind of stabilizer groups of G is the kind of semidirect 
product type. In Proposition 15.7^ 2). we show 

Gp- = N+M = MN+. 

At first, we show M = Spin(7) in Proposition 14.41 At second, us- 
ing the Campbell-Hausdorff-Dynkin formula and nilpotency, we deter- 
mine the multiplication of and the operation of A^"*" under J'^ (cf. 
Lemma [4.91 Propositions 14.12] and IF^ 2)). At third, we construct the 
group Spin(7) k (ImO x O) in f lS.ip and Lemma [5. 1[ Then the multi- 
plication of elements in N~^M makes the homomorphism ip : Spin(7) K 
(ImO X O) ^ Gp-, and ^(Spin(7) x (ImO x O)) = N+M C Gp- holds 
(cf. (15. 2p . Proposition 15.3^ 3) (4) ) . At last, in Section 5, we show that ip 
is an isomorphism and Gp- = N+M. For proving the subjectivity of ip, 
in Lemma [5.4[ some orbits of some nilpotent subgroups are described 
by invariants under the group action (cf. Lemma [5.4p . Furthermore, 
stabilizer groups which are semidirect product groups are isomorphic 
to some subgroups of N+M (cf. Proposition 15. 6p . Using the orbit de- 
composition for G [2H Main Theorem] (cf. Proposition II. lUp . we show 
Main Theorem [TJ 

In Section 7, since Gp- = N+M and G/Gp- ~ Af^{0) (cf. (L15)), 
considering AA"~-orbits on J\fi{0), we show the concrete construction 
of Bruhat and Gauss decomposition in Main Theorem [2l Moreover in 
Theorem 17. 61 we will show that the flag variety G/{MAN+) is obtained 
by a projectivization of an orbit A/']~(0) of -F4(_2o)- 

In Section 8, since Gei = K and G/Ge^ — 'H{0) (cf. fll.l3p ). con- 
sidering y4A^+-orbits on 'H(O), we show the concrete construction of 
Iwasawa decomposition in Main Theorem [31 In Remarks 18. 9[ we cal- 
culate the Gindikin-Karpelevich formula of G for c-function of Harish- 
Chandra. 

In Section 9, since Ge^ = K, and G/Ge^ - ^'(O) (cf. ^Mj), con- 
sidering AA^+-orbits on 'H'(O), we show the concrete construction of 
Iwasawa decomposition with respect to in Main Theorem [H And 
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in Theorem I9.6[ we show a concrete construction of Matsuki decompo- 
sition Theorem 3] of -F4(-2o)- 

Part I: Determining the group structure 
of the stabilizer groups. 



1. Preliminaries. 

In this section, let n be a natural number, and p, q be non-negative 
integers with p + q > 0. 

Let R be the field of real numbers and C := M © \/— IM the field of 
complex numbers. Denote the cartesian n-power of a set X as X" := 
X X ■ ■ ■ X X {n times). For F = M or C, let be a F-linear space, 
GLf(V") the group of F-linear automorphism of V, and EndF(V^) the 
linear space of F-linear endomorphisms on V. A subset C is said to be 
a cone if x & V and A > imply that Ax G C. The exponential of 
f G EndF(^) is defined by exp / = Xlfclo k\ ^ GLf{V). For a mapping 
f : V ^ V, put Vf := {v E V \ fv = v}. Let G be a subgroup of 
GLF(y) and an automorphism on G and v,Vi G V. Let us denote 
the subgroups of G as := {g ^ G \ (pg = g}, the stabilizer of v 
as Gy := {g & G \ gv = v} and G^j^^.-.^vn '■= ^2=iGvi- Let us denote 
the G- orbit of v as Orhciy) := {gv \ g G G}. For a R- linear space V, 
its complexification := V = V ® ^J^V . For / G EndK(V), 

its complexfication by G Endc(V"'^) is written by the same letter 
/. The complex conjugation on V"^ with respect to V is denoted by r: 
t[u + a/— If ) := u — a/— If for all u + a/— If G V^"' with m, f G V^. 

Let be a F-linear space. A quadratic form on is a mapping 
Q : V ^ ¥ such that (i) Q{\v) = \'^Q{v) for all A G F and v G 
V, (ii) the associated symmetric form B : V x V ¥: B{v,w) := 
^{Q{v) + Q{w) — Q{v — w)} is bilinear. The pair (V, Q) is called 
a quadratic space. Let be a quadratic from on Rp+^ defined by 

Qp,q{^) '■— + ■ ■ ■ + ^p) + (^p+l + ■ ■ ■ + ^p+(j) with X = (Xi, ■ ■ ■ , Xp_|_q), 

and denote the quadratic space by (M^'^,Qp^q). 

Let O be the M-algebra of octonions [9|,|llll0] with a base 1, ei, 62, 63, 
645 65, 66, 67 and the multiplications among them are given as follows: 1 
is the unit of R; ef = —1; CiCj + ejei = for z 7^ j; eiCm = e„, CmCn = e/ 
and e^e; = Cm for each (/,m,n) G {(1,2,3), (3,5,6), (6,7,1), (1,4,5), 
(3,4,7), (6,4,2), (2,5,7)}. By convention, cq := 1. Let := O © 
\/—10 be the complexification of O with the complex conjugation r. 
Put O := O or O^. If O = O, then put F = R, and if O = O^, then 

F = C. For all x = YH=o^i^i V = Z]I=o?/»^* ^ ^ ^^^^ ^i^V^ ^ ^' 
the conjugation, the inner product, the quadratic form, the vector part 
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and the scalar part are defined as 

7 7 

X := xo -^XiCi, {x\y) ■.= ^Xiyi, n(x) 

1=1 i=0 

(1.1) lm{x) := -{x — x) , Re{x) := -{x + x) 

Lemma 1.1. [S] (cf. 0], [37]) Let x,y, z,a,b e 6. 

(1) (a;?/|x?/) = {x\x){y\y). 

(2) (ax|ay) = {a\a){x\y) = {xa\ya). 

(3) (ax|6?/) + {bx\ay) = 2{a\b){x\y). 

(4) {ax\y) = {x\ay), {xa\y) = {x\ya). 

(5) X = X, x + y = x + y, xy = yx. 

(6) {x\y) = {y\x) = \{xy + yx) = \{xy + yx), xx = xx = {x\x). 

J a{ax) = {aa)x,a{xa) = {ax)a,x{aa) = {xa)a, 
^ ' 1 a{ax) = (aa)x, a(xa) = {ax)a, x{aa) = {xa)a. 

(8) b{ax) + a{bx) = 2(a|6)x = {xa)b + {xb)a. 

(9) {ax)y + x{ya) = a{xy) + {xy)a, {xa)y + {xy)a = x{ay) + x{ya), 
{ax)y + {xa)y = a{xy) + x{ay). 

(10) {ax){ya) = a{xy)a (Moufang's formula). 

(11) Re{xy) = Re{yx), Re{x{yz)) = Re{y{zx)) = Re{z{xy)) = 
Re{xyz). 

Let us denote 

(1.2) ImO := {x G 6| Re(x) = 0} = {x e 6\ x = -x}. 

Then the quadratic spaces (0,n) and (ImO,n), are isomorpliic to 
(MO'«,Qo,8) and (M°'^Qo,7). 

Let K be a subalgebra of O sucli tliat x G K for all x G K, and 
M{n, K) tfie set all n x n matrices with entries in K. For A G M(n, K) 
with the (z,j)-entry aij G K, let *y4 G M(?t,, K) be the transposed 
matrix having the (i,j)-entry aji, A G M(n, K) the conjugate matrix 

having the (z,j)-entry aij, and A* := ^A G M(n, K). Let us denote 

p g 

E := diag(l,-- - ,1) and Ip := diag(-l, ■ , -r,T~'^'"~T) G M{p + 
g,K). We consider the another field of complex numbers C := {xq + 
XiCi I Xj G M} which is the subalgebra of O over M. We use the following 
notations about some of classical Lie groups: 

0(n) := {A G M{n,R) \ ^AA = E}, 

SO(n) := {A G M(n,M) | 'AA = E, det{A) = 1}, 

SU(n) := {A G M{n, C) | A* A = E, det{A) = 1}, 

0{p,q) := {A G M{n,R) \ 'AIpA = Ip} 



• ^li/ 1 •£ ^ J 
{resp). 
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where det(A) and tr(yl) denote the determinant of A G M{n, C) and 
the trace of A G M{n, C) over C, respectively. For a Lie group G, its 
Lie algebra is denoted by Lie{G). A connected Lie subgroup is often 
called an analytic subgroup. For topological spaces X and y, X ^ F 
denotes that X and Y are homeomorphic. For topological groups G 
and G", G = G' denotes that G and G' are isomorphic as topological 
group. Let G be a group with identity element 1. Then G^ denotes 
the identity connected component. Let be a normal subgroup of G 
and H a subgroup of G. If the equations G = HN and N (1 H = {1} 
hold, then G is called a semidirect product of N and H, and denote 
G = H kN. 

For ^ = (^1,^2,^3) ^ and x = {xi,X2,X3) G O^, let us denote 

(^1 y/^xs y/^x^\ 
\/^X2 xl C.3 / 

The exceptional Jordan algebra is defined as 

(L3) J^' := I e G G 0=^} 

which has the Jordan product X oY^ the inner product (X\Y^ and the 
identity element E of Jordan product as 

(L4) XoF := i(XF + FX), [X\Y) :=tr(XoF), E := diag(l, 1, 1) 
[36] (cf. [21], [35]). The cross product is defined by 

(1.5) XxF := ^(2XoF-tr(X)r-tr(r)X+(tr(X)tr(y)-(X|y))^) 

[ID] (cf. [la p.232,(47)], [35], [32], [25]) with X^^ ;= x x X as well as 
an R— linear from (X|y|Z) := (X x Y\Z^ and the determinant 

(1.6) det(X) := ^(X|X|X) 

im p. 163]. For all X G ^ the minimal subspace Vx of X in J'^ is 
defined by 

Vx := {aX^2 + bX + cE \ a,b,ce R}. 
Then Vx is closed under the cross product ([251 Lemma 1.6(3)]). For 
i G {1, 2, 3} and x G O, let us denote 

(1.7) = h\Sii, 5,2, 5i3; 0, 0, 0), F/(x) := h\0, 0, 0; (5i2X, Si-^x) 
where 6ij is the Kronecker's delta, 

(1.8) P+ := h\l, -1, 0; 0, 0, 1), := /^^(-l, 1, 0; 0, 0, 1), 

(1.9) g+(x) := /i^(0,0,0;x,x,0), g~(x) := /i^(0, 0, 0; x, -x, 0), 

the subspaces F/(0) := {F/(x)|x G O}, F/(ImO) := {El{p)\p G 
ImO}, g+(0) := {Q+{x)\x G O} and g-(0) := {Q-{x)\x G O} 
respectively. Then we have: 
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Lemma 1.2. (1) = REi®RE2®RE3® Fl{0) ® F^{0) ® Fi{0), 
(2) = R{-Ei + E2)®RP-®RE®REs®F^{lmO)®Q+iO)® 
Q-{0). 

Fix X e J\ By Lemma OKI), 

3 
i=l 

for some G M and Xj G O, then let us denote 
(LIO) {X)e, := = := x,. 

Moreover, by Lemma [1.2( 2). 

X = r{-Ei + E2) + sP- +uE + VE3 + F^{p) + Q+{x) + Q-{y) 
for some r, s,u,v E M., p E ImO and x,y E O, then let us denote 

{X}^E^+E2 ■= r, {X}p- := s, {X}e := u, {X}es := v, 
{X}imFi := p, {X}q+ := X, {X}q- := y. 
We use the following notation in this paper: 

ej(j) := (— 1)-*^+*'^ where 6ij is the Kronecker delta. 
Thus if i = j, then ej(j) = 1, else ej(j) = —1. 

Lemma 1.3. ([25i Lemma 1.1, Lemma 1.6]) Leti, i+2,j G {1, 2, 3} 
6e counted modulo 3. 

(1) Let x, y G O. Then 

f (i) EiXE, = 0, (ii) X = iE,+2, 

\ (iii) X Flix) = -\Fl{x), (iv) X Fj{x) = (if « ^ j), 

/ (v) Fl{x)yiFl{y) = -e,{{){x\y)E,, 
\ (vi) F/_,,(x) X Fl,{y) = -e,{{)\Fl{xy). 

(2) Let X = Elitei^. + Fl{x.)),Y = Y.tMEr + F/(y,)) G 

r (i) tr(X) = Ell e., (ii) {X\Y) = Elifcr/. + ei(z)2(a;,|?/.)), 
\ (iii) det(X) = ^1^26 + 2Re((xiX2)a;3) - XlLi (^i{i)ii{xi\xi), 
3 

(iv)X''^ = y^((^»+i^»+2 - eiii)ixi\xi))Ei + Fl{-ei{i)xi+iXi+2 - ^iXi)). 

i=l 

(3) (X^2) o ^ _ det(X)E, (X>^2)x2 _ det(X)X. 



Lemma 1.4. Let X e J^. Then 
f (i) {X}_^,+^, = |(P-|X), (ii) {XWi=Im((X)^i), 

^ (iii) {X}Q+ = i((X)^i + (X)^), 
I (vi) {X}Q- = i((X)^i-(X)^.). 
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Proof. X can be expressed by X = r{—Ei + E2) + sP^ + uE + vE^ + 
Fl{p) + Q^{x) + Q~{y) for some r, s, m, f G M, p G ImO and x, ?/ G O. 
(ii) follows immediately. By Lemma ll.3( 2)(ii). (P^| — Ei + E2) = 2 
and (P"|P-) = {P-\E) = (P-IE3) = = = 

{p-\Q-{y)) = 0. Therefore r = Last, (iii) and (vi) follows 

from X + y = (X) pi and x — y = (X) ^j^i. □ 

For all X G JT"^, let us denote ^pxW '■= — X. The characteristic 
polynomial of X G JT"^ is defined by 

(1.11) <l>x(A) := det((^x(A)) = - tr(X)A2 + tr(X^2)^ _ (^et{X) 
(cf. The linear Lie group -F4(_20) is defined by 

(1.12) F4(-20) := {g e GL^iJ') I g{X oY) = gX o gY} 
(cf. [361 Theorem 2.2.2]). 

Proposition 1.5. ([211 Theorem 1.4], cf. [23 Proposition 0.1(1)]) 

F4(-20) = {^? G GLm( J^) I g{X xY)=gXx gY} 

= {ge GLk(JI) I det(^X) = det(X), gE = E} 

= {ge GLk(JI) I det{gX) = det(X), {gX\gY) = {X\Y)} 

= {ge GLm(JI) I $,x(A) = $x(A)} 

= {(7 G P4(-20) I ti{gX) = tr(X)}. 

A characteristic root of X G JT"^ is said to be a solution of $x(A) = 
over C. By Proposition 11.51 the trace, the inner product, the deter- 
minant, the identity element, the cross product and the characteristic 
polynomial are invariant under the action of F4(_2o)- Moreover the set 
of all characteristic roots and those multiplicities are invariant under 
the action of F4(_2o)- 

Let us denote 

H:={X e J\ X^2 _ ^r^^) _ 

(1.13) ?/(0) := {X G H| (X|Ei) > 1}, 

(1.14) ?/'(0) := {X G -HI (X|Ei) < 0}. 

Proposition 1.6. ([211 Proposition 1.6(1), Proposition 2.10(1)]) 

(1) H = H(0)U^'(0). 

(2) ?^(0)=0r6^,(„,„,(i?i). 

(3) ^{O) = Orbp^^_^^^iE2) = Orbp^^_^^^{Es). 

A cone JV of J'^ is defined by 

Ar:={X ej^ \ tr(X) = tr(X^2) = det(X) = 0}. 
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By Lemma [1.3( 3). we observe that M has the cones: 

M(0) := {X e = 0, tr(X) = 0, X 0}, 

A/'+(0) := {X G X""^ = 0, tr(X) = 0, {X\E^) > 0}, 
(L15) A/r(0) := {X G J^^l _ ^^^x) = 0, < 0}, 

and 

A/'2(0) := {X G J^^|tr(X) = tr(X^2) ^ ^^^^^^ ^ o,X^2 _^ g}. 
By convention, A/qIO) := {0}. 
Lemma 1.7. 

(1) ([22 Proposition 1.6(2)]) ^(O) = A/'+(0) JJ A^f (O). 

(2) AT = {0} U A/i'(0) U A/TIO) U A/'2(0). 

Proo/. (2) Let X G AT. By Lemma 0(3), (X^2)x2 _ det(X)X = 0. 
Thus AT = IJLo-^i(O)- Hence (2) follows from (1). □ 

Proposition 1.8. ([21, Proposition 2.10(2), Proposition 4.3(4)]) 

(1) Ar+(0) = 0r6^,^_,„,(P+). 

(2) Arf(0) = 0r6^,,_,,(p-). 

(3) Ar2(0) = Or6^,,_,„,(Q+(l)). 

For X G and Aq G M, let us denote the elements of Vx as 
piX) := X-^tr(X)E, 

^= tr((Aoi?-X)x2)(^°^-^)''' 

iyx,Ao := X - (Aoi^x,Ao + ^' {E - Ex,,J). 

Now, if -Ex.Ai is well-defined then 

X = Ao-Ex.Ao H ^ — ^ ^(-S' — Ex,Xo) + ^X,Ao- 

Proposition 1.9. ([21, Proposition 1.8]) For X G /ei Ai be a 

characteristic root of X m M of multiplicity 1. 

(1) Fx,Ai IS well-defined {ie, tr((AiF -X)^^) _^ g), an(f E^.Ai G "H. 

(2) Forge F4(-20), 

5f(Vx) = Vgx, gExM = EgXM, gWxM = ^gXM- 

Proposition 1.10. ([25", Main Theorem]) Fi(^^20)- orbits on are 
classified as follows. 

(I) Assume that X G JT"^ admits the characteristic roots Ai > A2 > 
A3. Then there exists the unique i G {1,2,3} such that 'H(O) fl Vx = 
{Ex,x,} and 'H'(O) nVx = {^x,a,+i, ^x.A.+a) w^^ere i, i + 1, i + 2 are 
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counted modulo 3. In this case, X can be transformed to one of the 
following canonical forms by F4(_2o) • 



Cases 




The canonical forms of X 


2- Ex,x2 

3- Ex,\3 


e n{o) 
en(o) 


diag(Ai, A2, A3) 
diag(A2, A3, Ai) 
diag(A3, Ai, A2) 



(II) Assume that X G JT"^ admits the characteristic roots Ai £ R, 
p±\/^q (g > 0). ThenX can be transformed to the following canonical 
form by F4(_2o)- 

the characteristic roots of X The canonical form of X 

4. Ai e R, p ± y/^g (g > 0) diag(p,p, AQ + Fl{q) 

(III) Assume that X E admits the characteristic roots Ai of mul- 
tiplicity 1 and A2 of multiplicity 2. Then Wx,\i G A/i(0) IJ{0}. In this 
case, X can be transformed to one of the following canonical forms by 

Cases The canonical form of X 

5. Ex,x,eniO) diag(Ai,A2,A2) 

6. ExM e ^'(O), WxM = diag(A2,A2,Ai) 

7. WxM e Ar+(0) diag(A2, A2, Ai) + P+ 

8. WxMe^,-{0) diag(A2,A2,Ai) + P^ 

(IV) Assume that X E J^^ admits the characteristic root of multi- 
plicity 3. Then p{X) G J\f. In this case, X can be transformed to one 
of the following canonical forms by F4(-2o) ■ 

Cases The canonical form of X 

^9. p{X) = ^tr{X)E 

10. p{x) e Ar+(0) |tr(X)E + P+ 

11. p{X) e A/f (O) |tr(X)P + P- 

12. p{X) e ^(O) |tr(X)E + Q+(l) 

(V) By F^_2o), the above canonical forms cannot be transformed from 
each other. 



2. The principle of triality. 

Put 5° := {diag(l, 1, ■ ■ ■ , 1), diag(-l, 1, • • • , 1)} ^ Z2, and SO(0) : = 
{1} by convention. Then we have: 

Lemma 2.1. Let n be a natural number, andp, q non-negative integers 
with p -\- q > 0. 

(1) 0(n) ^S^x SO(n). Especially, 0°(n) = SO(n). 

(2) 0°(p, q) ~ (SO(p) X SO(g)) X Rf«. 

(3) Por a/^ n > 3, the fundamental group 7ri(0°(n, 1)) = Z2 
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From now on, the groups 0(8), SO (8), 0(7) and SO (7) are identified 
with the groups 

0(8) = {ge GLm(O) I {gx\gy) = (x|y)}, 
S0(8) = {ge GLk(O) I {gx\gy) = {x\y), det{g) = 1}, 

0(7) = {ge 0(8) I gl = 1}, 
S0(7) = {ge S0(8) Ul = 1} 
respectively, e G 0(8) is defined by 

ex := X for x G O. 

Then = 1 and its determinant is — 1 : det(e) = — 1. The involutive 
automorphism t of the group SO (8)^ is defined by 

^(5-1, 5-2, 5-3) := i9u92, efi-se) for {gi, g2, g^) G S0(8)^ 

The subgroup T(0) of SO (8)^ is defined by 

T(0) := {(^71,^/2,^73) e SO(8)3|((7ix)((722/) = ^73(0;^) for all x.yeO] 

(cf. |2], P (2.4.6)], [22], [32], [ID]), and the subgroup of SO(8)3 by 

:= r\T{0)) = {(^71,^72,^73) G SO(8)3 | t((7i, ^72, ^73) G T(0)} 
= {(fi'i,fi'2,fi'3) G SO(8)^|(5(ix)(5(2?/) = eg^eixy) for all a;,?/ G O}. 
The equation {gix){g2y) = gsixy) is called the triality. 

Lemma 2.2. (Y. Matsushima [22], cf. [101 Lemma 1.14.3]) Let indices 
i,i + l,i + 2 be counted modulo 3. Assume that there exists ((71, ^72, ^73) G 
0(8)^ such that {gix){gi+iy) = egi+2^{xy) for all x,y G O. Then 
{gi+ix){gi+2y) = (^gie{xy) for all x,y eO. Especially, 

{9i, 9i+i, 9i+2) G 1)4 <^ i9i+i, 9i+2, 9i) G D^. 

For i G {1, 2, 3}, the homomorphism pi : D4 ^ S0(8) is defined by 
Pi{9u92, 93) ■■= 9i for {gi, g2, gs) G D4. 

Lemma 2.3. Let x,y E O. 

(1) For all g G S0(7), the following equations hold. 

(i) 'gx = gx, (ii) ege = g, (iii) g(lm{x)) = lm{gx), (iv) g(lmO) C ImO. 

(2) Let {gi,g2,g3) e A- r/ien 

5(^1 = 1 for some i G {1, 2, 3} 5(^+1 = egi+2<^ ^ gi+2 = egi+ie 
where indices i,i + l,i + 2 are counted modulo 3. 

(3) Assume that ((71, (72, (73) G -D4 and g^l = 1. Then 

(i) ^3(a;y) = {gix){gTy), (h) ^3(Im(x^)) = Im((^ix)(^)), 
(iii) gi{xy) = {g^x){giy). 
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Proof. (1) (i) follows form gx = g{2{l\x) — x) = 2{l\gx) — gx = 
'gx. By (i), egex = g{x) = gx, and so (iii) follows from g{lm{x)) = 
g{x — {l\x)) = gx — mgx) = lm{gx). For all p G ImO, by (iii), 
gp = g{lm{p)) = lm.{gp). Hence (iv) follows. 

(2) Obviously (^j+i = egi+2^ iff gi+2 = ^Qi+i^- Thus we will show 
gil = 1 iff (jfj+i = egi+2^- Suppose that gil = 1. By Lemma \2.2\ 
{gi, gi+i, gi+2) e and so {gix){gi+iy) = egi+2(^{xy). Putting x = 
1, egi+2^ = gi+i. Conversely, suppose that tgi+2^ = gi+i- Because 
of ig^, gi+i, gi+2) e D4, {gix){egi+2ey) = {gix){gi+iy) = egi+2e{xy). 
Putting X = y = I, {gil){egi+2(^l) = tgi+2^1. Multiplying (e^fi+ael)"^ 
from right, g^l = 1. Hence (2) follows. 

(3) By (2), note that g2 = egie and gi = 6(726. Since g^ G SO (7) 
and (l)(ii), gs = eg^e. Thus because of {gi^egie^g^) G -D4, g?.{xy) = 
eg^e{xy) = {gix){egiey) = {gix){g^). Hence (i) follows. Since g^ G 
S0(7), (l)(iii) and (i), g^iluv{xy)) = lm{g3{xy)) =^lm{{gix){gry))- 
Hence (ii) follows. Last, by Lemma fl?2\ {g3,gi,g2) G -D4. Thus because 
of gi = e5'2e, giixy) = eg2e{xy) = {gzx){giy). Hence (iii) follows. □ 

The subgroup of is defined as 

Bz ■■= {(fi'1,5'2,5'3) G D4, I gsl = 1} = {(5-1, 5-2, 5-3) e Dil g2 = egie}. 

and the homomorphism q : B3 ^ S0(7) as q := P3I-B3: q{gi,g2,g3) = 
gs. The linear Lie group G2 is defined by 

G2 := Aut(O) = {ge GLk(O) I {gx){gy) = g{xy)}. 

For g G G2, putting x = y = 1, gl = 1, and so G2 is a subgroup of 
S0(7). For any g G G2, considering {g, g, g) G S0(8)^, G2 is a subgroup 
of 53. Now S'^ = {aeO\ n(a) = 1} and = {a e ImO | n(a) = 1}. 
For all a G 5''', the elements La,Ra,Ta G GL]r(0) are defined as 

LaX := ax, RaX := xa, TaX := axa for x G O 

respectively. Since Lemma 11.1( 2) and S'^ is connected. La, Ra, Ta G 
SO (8). For any G S"^ , let us denote 

Lemma 2.4. 

(1) (cf. llQl Theprem 1.9.1,Theorem 1.9.2]) 

= OrbcM), iG2)e, = SU(3), G2/SU(3) ~ S^. 
Furthermore, G2 is connected. 

(2) IfOi G 5"^, then {La„,... ,ai, Ran,- ,ai, eTa^,... ,ai^) G D4. 

(3) Ifa,be S^, then {Lb,a, Rb,a,Tb^a) e S3. 

(4) G2 = {(fi'1,5'2,5'3) e S3 I gil = 1} = {(5-1, 5^2, 5^3) e B3 I 5(21 = 1}. 
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Proof. (2) Let a G S'^ . Using Lemma [EH 10), 

{Lax){Ray) = Ta{xy) = e{eTae)e{xy). 
Because of L^, Ra, eTae G S0(8), {La, Ra^eTat) G -D4. By induction, 
{La^,.. ,a^x){Ra^,.. ^a^y) = e(eT„„ ,.. e)e(x?/) . 

Hence (2) follows. 

(3) By (2), {U,a,Rb,a,eTf,,ae) G D^. Since a'' = = -1, eT,,,el = 

b{a{l)a)b = 1 and so eTt aC G S0(7). Therefore {L^^a, Rb,a, ^T^^a^) G i?3. 
Then by Lemma [23^1) (ii), eTt ^e = T{, a. Hence (3) follows. 

(4) Put G = {(91,92,93) e Bsl 9il = 1}. G2 C G follows from 
(71 = 1 for all 9 G Conversely, take {91, 92, 93) G G. By virtue of the 
definition of B3, 92 = €9ie, and so 92I = ^9i^l = 1- Thus we get 91I = 
92^ = 93^ = 1- Because of 9il = 9i+il = 1, applying Lemma 1^31 2). 
9i+i = e9i+2e and 9i+2 = e9ie. Therefore 9i+i = e9i+2e = e{e9ie)e = 9i. 
Moving i G {1,2,3}, 91 = 92 = 93- Therefore {91,92,93) e G2, and 
so G C 6*2- Hence G = 6*2- Similarly, we have G2 = {(91,92,93) G 
B, I 92I = 1}. □ 



Lemma 2.5. 

(1) B3/G2 — 5*^. Furthermore, B^ is connected. 

(2) D4/B3 ~ S"^. Furthermore, D4 is connected. 

Proof. (1) We consider the action of B^ on S"^ as x Pii9i, 92, 93)x = 
9iX for X G S''' and {91,92,93) ^ Fix x G S'''. Then x can be 
expressed by x = cos^^ + asin^^ for some a G S"^ and ^ G M. At first, 
by Lemma [23(1), note that = Orbc2{.^i)- Thus there exists hi G 
G2 C -B3 such that pi{hi)x = cos 9 + eisin^. At second, put /iei,e2 = 
(Lei,e2,-Rei,e2)^ei,e2)- Siucc Ci G and Lemma [23l3), /iei,e2 e B3. 
Then pi(/iei, 62)^1(^1)2; = 63 cos 6^ + 62 sin 6' G S'^. At third, since = 
Orbc^i^i), there exists h2 G 6*2 such that Pi{h2)pi{he^,e2)pi{hi)x = ci. 
At last, put /ie3,e2 = (-^63,62) -^63,62! ^63,62)- Then it follows that /ie3,e2 ^ 
i?3 and pi(/ie3_e2)pi(/i2)pi(^ei, 62)^1(^1)3; = 1- Hcucc B3 acts transitively 
on S\ And by LemmaEl4),' (^3)1 = G2. Therefore B3/G2 ~ S\ Since 
6*2 and 5*^ are connected, -B3 is also connected. Hence (1) follows. 

(2) We consider the action of D4 on S*^ as x 1— )■ p3{9i, 92, 93)x = 
93X for X E S'^ and {91,92,93) G -D4. Let a; G S'''. Then x G 5*^. By 
Lemma [23K2), {L^,R-^,eT^e) G -D4- Therefore {R^,eT^e,L^) G -D4 by 
Lemma 12.21 Then we get pz{Rx, eTxe, Lx)x = xx = 1. Therefore 
acts transitively on S'''. Hence D^/B^ ~ S"^ follows from (-D)i = B3. 
Since -B3 is connected by (1) and S"^ is connected, is also connected. 
Hence (2) follows. □ 
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Proposition 2.6. 

(1) (The principle of triality: 0, P (2.4.6)], cf. gOl Theorem 1.14.2]) 

The following sequence is exact: 

1 ^ {(1, 1, 1), (e,(l), e,(2), e,(3))} ^ D, ^ S0(8) ^ 1. 

(2) ([40, Theorem 1.15.2]) 

The following sequence is exact: 

1 ^ {(1, 1, 1), (-1, -1, 1)} ^ fia ^ S0(7) ^ 1. 

By Lemma 12.5( 2) and Proposition 12.6^ 1). is connected and a 
two-hold covering group of S0(8). And by Lemma (2.5^ 1) and Propo- 
sition [2212), B3 is connected and a two-hold covering group of S0(7). 
So let us denote 

Spin(8) := L'4, Spin(7) := B3. 



3. The stabilizer groups of Spin group type. 

Let i G {1,2,3}, indices i,i + l,i + 2 be counted modulo 3. The 
quadratic space {{x7^)2E,-i,QEi) defined by 

iJ')2E,,-i ■■= {X G xX = -X}, QeAX) := -tr(X><2). 

Since Lemma [1.3^ 1) (2) and direct calculation, 

/ iJ')2E^,-i = {m+i - E.+2) + Flix)\ ^ G M, X G O}, 
\ QEAaE^+l - + Fl{x)) =e + ei{i){x\x). 

Then we see that {{J^)2Ei-IiQei) is isomorphic to (M°'^,Qo,9) and 



2Ei-liQEi 


) with i = 


2, 3 is isomorphic 


to (M'^'\Q8,i) and denote 


S': = 


{X G iJ' 


)2Ei-l Qei{X) -- 


= 1} C {J%E,,-1, 


: = 


{X G iJ' 


)2E3-1 QEi{X) -- 


= 1} C {j')2Es,-U 


5f := 


{X G S^'' 


1 {X\E,) > 0}, 




s":' := 


{X G 


1 {X\E,) < 0}. 





The quadratic subspace J^-^ is defined by 

Jl, := {X G iJ%E„-i I iF^il)\X) = 0} 

= {e(^i - E2) + F^{x) I e e M, X G ImO}. 

Then QeMEi - ^2) + i^gla^)) = - (a;|a;), and so (J71,i,QbJ is 
isomorphic to (MJ'^,Qt^i) and denote 

5^.1 := {X G Jj\ I gi,3(X) = 1}, S'/ := {X G 5^'^ | {X\Ei) > 0}. 
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Moreover (F/(0),(5eJ and (F/(ImO), QbJ are the quadratic sub- 
spaces: 

FliO) = {Xe iJ%E^,-i \E^xX = 0,t^ j} 
FlilmO) = {Flix) I X e ImO} = {X e F/(0) | (F/(1)|X) = 0}, 

and QeAKK^)) = Thus {FI{0),QeJ and (i^i(ImO), Q^J 

are isomorphic to (M^,ei(z)n) and (M'^, ei(z)n), respectively. The stabi- 
hzer groups D4 and B3 of F^_20) are defined as 



4{-20))Ei,E2,E3^ 



5, 



respectively and the homomorphisms as 

Pi : (i^4(-2o))i=;. -> OHJ^e^^.uQeJ, 

q ■ (-^4(-20))f1(1) 0(^7,1' ^^3)5 

Pi:D,-^0{Fl{O),QE.), 
q:Bs^0iF^{lmO),QE,), 



Piia) 
Piig) 



g\Fl{\mO) 



respectively. Since ^3^(1)^^ = £'3, E = Ei + E2 + E^^ and Proposi- 
tion II. 5[ we have: 

Lemma 3.1. 

(1) (^4(-20))fi(i) a subgroup of {F^(_2a))E-i- 
Especially, (F4{-20))f31{i) = (^4(-2o) ) £3,^1(1) • 

(2) i?3 = (-F4{-20))£;i,F3i(l) = (-^4(-20) ) £2,^1(1) • 

(3) The homomorphism pi, q, p and q are well-defined. 

The homomorphism (po : Spin(8) — t- GLr{J'^) is defined by 

3 3 



i=l 



i=l 



122] (cf. 



Lemma 3.2. 

(1) (po : Spin(8) — )■ is an isomorphism onto D4. 

(2) ipo : Spin(7) — ?■ B3 is an isomorphism onto B^. 

Proof. (1) It can be similarly proved as ^01 Theorem 2.7.1]. 

(2) Fix g e B3. By (1), g = (poigi, g2, ga) for some (5-1, 5-2, 6-3) e 
Spin(8). Then ^31(1) = (^o(^?i, ^72, ^73)i^3 (1) = F^ig^l). Therefore g^l = 
1, and so (5^1, 5'2, 5^3) £ Spin(7). Therefore ipo : Spin(7) — )■ B^ is onto. 
And by (1), </9o is a mono-morphism. Hence (po is an isomorphism. □ 

Hereafter we identify D4 and B^ with Spin(8) and Spin(7), respectively, 
via (fQ. Let us denote f4(-2o) = -^^e(F4(_2o)) and the subalgebra 1)4 of 
f4(-20) as 



{Del 



■4(-20) 



DEi = 0, i = 1,2,3}. 
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[T] (cf. P, [M]) and the Lie algebra 64 as 

^4 := {D G EndM(O) | {Dx\y) + {x\Dy) = 0}. 
Lemma 3.3. 

(1) (Principle of infinitesimal triality in d^. cf. |10l Lemma 
1.3.6]). For all Di e D4, there exist D2,D^ e ^4 such that 

{Dix)y + x{D2y) = eD^e[xy) for all x,y E O. 

Also such D2 and are uniquely determined for Di. 

(2) (cf. [ini Lemma 1.3.7]) For Di, D2, G 64, the relation 

{Dix)y + x{D2y) = eD^e{xy) for all x,y E O 
implies that for all x,y E O, 

{D2x)y + xiD'iy) = tDit{xy), {D'ix)y + x{Diy) = tD2e{xy). 

(3) (cf. Lemma [3.21 (1)) is isomorphic to 64 under the correspon- 
dence Di d{po{Di, D2, D3) given by 

3 3 
dMDuD2,D,){J2{^,E, + Fl{x,))) ■.= J2Fl{D^x,). 

i=l i=l 

where D2 and are elements of 64 which are determined by Di from 
the infinitesimal triality: 

{Dix)y + x{D2y) = eD^e{xy) for all x,y E O. 

Lemma 3.4. Let g = {gi,g2,g3) ^ Spin(7) andp,x G O. 

(i) Mg){-E, + E2) = ~E, + E2, 

(ii) M9)P- = P-. (iii) M9)F^ip) = F^i93P), 
(iv) ^o(^?)^3 = ^3, (v) M9)E = E, 

r (vi) M9)Q^i^)=QH9ix), 
\ (vii) M9)Q (x) = Q (gix). 

Proof. The first five equations follow from the definition of ipo and 
Spin(7). Since g2 = egie, Lpo{g)Fl{x) = F^{egi€x) = F^{g^). Thus 
ipQ{g){Fl{x) + ±F2^(x)) = Fl{gix) ^F^i^^gix). Hence the last two equa- 
tions follow. □ 

Proposition 3.5. Let Y = diag(ri, r2, rs) G JT"^ where (ri — r2)(r2 — 
'^3)(^3 - ^1) 7^ 0. Then (F4(_2o))y = Di- 

Proof Let g G D4. Then gY = 5'(Z]Li ^i^i) = Yfi=i ^i^i = Y- There- 
fore g G (-F4(_2o))y, and so D4 C (-F4(_2o))y- 

Conversely, take g G (F4(_2o))y. Then v?y(ri)''^ = (r^+i - ri)(ri+2 - 
ri)Ei and tr(y9y (rj)^^) = (rj+i — ri)(ri+2 — ^i) where indices i,i + 
1, i+2 are counted modulo 3. Therefore Ey^n is well-defined and Ey^n = 
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Ei. By Proposition 11.9( 2). gEi = qEy^t^ = Egy^n = Ey^n = -E'i- Thus 
g G D4 and so {F^_2o))y C D^. Hence (F4(-2o))y = -D4. □ 

For a G O, let us denote 

/O 0\ / -v^a\ 

A|(a) := a , A^(a) := 

\o -a 0/ \y/^a 0/ 

/ 0\ 
Ai(a) := -v^a . 

\ 0/ 

For i e {1,2,3}, A- (a) G EndM(j7^) and the subspace u- of Endi;(jr^) 
are defined as 

(3.1) Al{a)X := Ai{a)X - XA,{a) for X e j\ 

u] := {A]{a) \aeO} 
respectively [S] (cf. [22], [M])- By direct calculation, we have: 
Lemma 3.6. 

(1) f4(-20) = 04 © Ul © U2 © ^l- 

(2) The operation of Al{a) on is given by 

{(i) A]ia)E, = 0, (ii) = -^/(«), (iii) A'(«)^.+2 = i^'(a), 

(iv) Al{a)Fl{x) = ei(z)2(a|x)(Ei+i - ^,+2), 

(v) = + 2)Fl_^,iax), 

(vi) AHa)i^V2(^) = ei(^ + l)Fii(xa). 

Lemma 3.7. Lei t G M, a G 5"^ ^, 7] G M^, x,y G anc? indices be 
counted modulo 3. 

(1) Let h\r];y) G fee 

' Vi = 6, 
r^2 = i2±i3 + i2^cos2t+ (a|xi)sin2t, 

,^3 = i2±i3 _ i2^cos2t- (a|a;i)sin2t, 

yi = Xi — ^^~^^ a sin 2t — 2(a|a:i)a sin^ t, 

?/2 = X2 cost — 'xsa sin t, 

?/3 = X3 cost + sin t. 

Then h^{rj]y) = exp(ty4j(a))/i^(^; x) and exp(tyl];(a)) G (-F4(-20))ei- 

(2) Assume that i G {2, 3}. Let h^{rj; y) G 6e 









Vi+i 




[a\xi) sinh 2t, 


r]i+2 


= cosh2t + 


[a\xi) sinh 2t, 
)asinh^t. 


Vi 


= Xi - ^'+^~^'+'asinh2t + 2(a|a;, 


Vi+i 


= Xj+i cosh t + a;j+2a sinh t, 




. yi+2 


= Xj+2 cosh t + oXi sinh t. 





THE STABILIZER GROUPS OF ORBIT 21 

Then h^{ri;y) = exp(tAl{a))h^{^; x) and exp(tAl{a)) G (-F4(-20))£;- 
(3) Let % e {1,2,3}. Ifae then exp{tA}{a)) E (F4(_20))^i(i)- 

Proof. (1)(2) Let j G {1, 2, 3} and F : Mx J^^ ^ be the map defined 
by F{t,h^{^;x)) = h^{T];y). By direct calculation, ^F(t, h^{C,; x)) = 
A^{a)F{t, h^{^; x)) and F{0, h^{C,; x)) = h^{C,;x). Using the uniqueness 
of solutions, we get F{t, h^{^; x)) = exp(tA^{a))h^{^] x). Since rjj = ^j, 
exp{tAj{a))Ej = Ej. Hence the assertions follows from exp(tAj(a)) G 

(-^4(-20))°- 

(3) Since (1), (2) and (a|l) = 0, exp{tA}{a))Fl{l) = Fl{l). Hence 
(3) follows from exp(iij(a)) G {F^_20)f- □ 

Lemma 3.8. 

(1) m Proposition 2.8(1)]) = Or6(^,^„,„,),^ (E^ - E,). 

(2) ([24, Proposition 2.8(3)]) 

(i) S'/ = Or6(^,,_,„,),^(Ei-E2)=Or6(^^,_^,^,)o^^(Ei-E^ 

(ii) = Or6(^4,-.o,).3(-^i + ^2) = Or6(^^,_^.^,)o^^(-Ei + E2). 

Furthermore, is connected. 
Lemma 3.9. 

(1) {F^^20))ei/F>4^ ~ S^. Furthermore, {F^^20))ei is connected. 

(2) {F^^2o))e3/F>4 S^'^ . Furthermore, {F^^20))e3 is connected. 

Proof. (1) Because of E2 = \{E - Ei + {E2 - E^)) and E3 = \{E - 
E^-{E2-E3)), = {F^i-20))E,,E,-E,. Therefore (F4(_2o))i?i//^4 ^ 
follows from Lemma (3.81 (1). By Lemma 13.2^ 1). D/^ is connected, and 
obviously is connected. Hence (-F4(_2o))£;i is also connected. 

(2) By Lemma [3l]:2)(i), Sf = Or\F^^_^^^)^^{E^ - E2). Similarly, 

= (F4(_20))s3,Si-i?2- Therefore (F4(-20))e3/^4 ^ <S+^ follows from 
Lemma [33t^2)(i). By Lemma (3. 21 (1). D4 is connected, and since S^^ is 
a orbit of one element under the action of a connected group (F4(_20))s3 
by Lemma 1X51 2) (i). S^^ is connected. Hence (-F4(-2o))£;3 also con- 
nected. □ 

For i G {1, 2, 3}, the element Ci G -F4(_2o) is defined by 
3 3 
(3.2) cr.iJ^i^^E, + F}{x,)) := J^i^.E, + e,{j)Fj{x,)) 

[55] (cf. [M])- In fact, because of det((jjX) = det(X) and aiE = E, 
ai G -F4(_2o)- Moreover, af = 1. 
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Proposition 3.10. 

(1) The following sequence is exact: 

1 ^ {1, a,} ^D,^ SO(F/(0), QsJ ^ 1. 

(2) ( [361 Theorem 2.4.4(1)]) The following sequence is exact: 

1 ^ ^ (F4(_20))i?i ^ S0((:r^)2i^„-i,gi^J ^ 1. 

(3) ([36, Theorem 2.4.4(3)]) The following sequence is exact: 

1 ^ {1,^3} ^ (F4(_20))i?3 ^ 0°((:r^)2E3,-l,Qi?3) ^ 1- 

Proof. (1) It follows from Lemma [3.2( 1) and Proposition 12.6( 1). 

(2) Since {F^_2o))ei is connected by Lemma ESI 1), pi((F4(_2o))£;i) C 
S0{{J'^)2Ei,~i,Qei)- Then the following commutative diagram: 

1 ^ Di (i^4{-20))Ei ^ * 

iPi iPi II 

1 ^ S0{FI{O),QeJ ^ S0((:ri)2i^„-i,Q£;J ^ 5^ ^ *. 

Using five lemma, it follows that pi is onto from pi is onto, and 
Ker(pi) = Ker(pi) = {1,(Ti}. Hence (2) follows. 

(3) Since (-F4(_2o))_B3 is connected by Lemma [H^ 2). P3((F4(_2o))_E3) C 
0°((j7^)2_B3,-i, (5_Ei). Then the following commutative diagram: 

1 ^ A ^ (i"4(-20))i?3 ^ '^^'^ ^ * 

i P3 IPs II 

1 ^ SO(F3i(0),Qs3) ^ O0((Ji)2E3,-i,Q£;3) ^ '^f -> *. 
Similarly, using five lemma, (3) follows. □ 

By Lemma [3lW l) and Proposition 13. 101 (2). (-F4(_2o))£;i is connected 
and a two-hold covering group of S0{{J'^)2Ei~i,Qei)- Moreover by 
Lemma [3l9l (2) and Proposition 13. 101 (3) . (-F4(-20))£;3 connected and a 
two-hold covering group of 0°((j7'^)2£;3,-i) Qsg)- So let us denote 

Spin(9) := (F4(_2o))ii;i, Spin°(8, 1) := (F4(_2o))£;3. 

Proposition 3.11. 

(1) Let Y = {ri — r2)Ei + r2E G J^^ where ri ^ r2. Then 

{Fi{-20))Y = Spin(9). 

(2) Let Y' = (ri — r2)E^ + r2E G where ri ^ r2. Then 

(F4(-20))y' = Spin°(8,l). 

Proof. Since the element E is invariant under the F4(_20)-action, we 
obtain (F4(_20))y = (i^4(-20))£;i and (F4(_2o))y' = (i^4(-20))£;3- ^ 
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Lemma 3.12. 

(1) S'/ = Orb^,^^_^^^,o^^jE, - E,) = Orh^,^^_^^^^^,^^^{E, - E,). 
Furthermore, Sl^!^ is connected. 

(2) {F4(^_2o))f^{i)/B3 — Sll'^. Furthermore, {F^^20))f.}{i) connected. 

Proof. (1) Note 5+'^ = 5+'^ n 5^'^. Fix X e 5+'^ and g G {Fi^.20))Fl{i)- 
By Lemmas 0(1) and [XS](2)(i), gX e 5+'^ and = {Fi{l)\X) = 
{gFi{l)\gX) = {Fi{l)\gX). Therefore gX e S'/, and so iF,(^-2o)) 



-7,1 
'+ ' 

acts on S'^'^ . Especially, (-F4(-20))^,i(i) acts on 5^'^ 

^ 7 1 

Next, we will show transitivity. Fix X G S_^l . X is expressed by 
X = ^{Ei - E2) + ^3^(0;) where ^ > 0, x G ImO and _ n(x) = 1. By 
Lemma (^x = A/n(x)ei for some g G G'2- So <fo{g,g,g) E G2 C 
C (F4(-20))^i(i) and 

(^o(^/,^7,^?)X = - E2) + F^i^M^e^). 

By Lemma [XTK3), exp(ty4;^(ei)) G (-F4(-20))^i(i)- Since - n(x) = 1, 
Lemma [3. 7r 2) and direct calculation. 



exp 



1 i±vM^ 1 ii(e,) 1 ^o{9,9,9)X = E, - E2. 



4 ^y^-^^x 

Therefore we obtain 

= - E2) = Orh,F,,_,^^),^{Er - E2). 

Since S]^^ is an orbit of one element under the action of a connected 
group (-^4(-20))£;3! '5^'^ is connected. Hence (1) follows. 

(2) Since {F\(-20))ex-E2,Ez = {E^_20))e,Ei-E2,E3 = {F^_20))ei,E2,E3 
and Lemma 0^1) (2), (F4(-20))Fi(i),i?i-i?2 = iFH-20))Ei,E3,F^{i) = B3. 
Hence {F4(^_20))f^{i)/B3 — S"^^ follows from (1). By Lemma 13.2( 2) 

and (1), -B3 and 5^'^ are connected. Therefore {F^_2o))f.}{i) is also 
connected. □ 



Proposition 3.13. 

(1) The following sequence is exact: 

1 ^ {1,^x3} ^ B3 4 S0{F^{lmO),QE3) ^ 1. 

(2) The following sequence is exact: 

1 {1,(73} ^ (i^4(-20))F3Hl) 0\Jj\,Qf,) 1. 

Proof. (1) It follows from Lemma [3.2( 2) and Proposition 12.6( 2). 



24 AKIHIRO NISHIO 

(2) Since (F4(_2o))fi(i) is connected by Lemma 13.12( 2). we obtain 
g((-F4(_20))Fi(i)) C 0'^{J'ji,QEa) and following commutative diagram: 

1 ^ B3 (F4(_20))f1(i) * 

iq iq II 

1 ^ S0{Fi{lmO),QE,) ^ 0%JI„Qe,) ^ 5^'^ ^ *. 

Using five lemma, it follows that q is onto from q is onto, and Ker(g) = 
Ker(g) = {1,0-3}. Hence the assertion follows. □ 

By Lemma 13.12^ 2) and Proposition 13.131 (2). (-F4(-20))fi(i) is con- 
nected and a two-hold covering group of O'^^J'-^^, Qes)- So let us denote 

Spin°(7, 1) := {F^^20))f.}{i)- 

Proposition 3.14. Let Y = rE-i + p{E - E^) + qF^{l) E where 
g 7^ 0. Then 

(i^4(-20))y = SpinO(7,l). 

Proof. Let g G Spin°(7, 1). By LemmaO^l), gY = g{rE^+p{E-E:i) + 
qFiil)) = rE^+p{E - E^) + qFlil) = Y. Therefore g G (F4(_2o))y, 
and so Spin°(7, 1) C (-F4(-20))y- 

Conversely, take g G (i^4(-2o))y- Then (y9y(r)^^ = ((p — r)^ + q^)E^ 
and tr(y9y(r)^^) = {p — r)^ + 7^ 0, and so Ey^r £ is well-defined 
and Ey^r = E^- Then by Proposition 11.9( 2). gEj, = gEyj. = Egyj. = 
Ey,. = 'Es. Therefore gFi{l) = - (r - p)Es - p{E - E^))) = 

F^{1) and so g E Spin°(7, 1). Therefore (-F4(_2o))y C Spin°(7, 1). Hence 
(i^4(-2o))y = Spin°(7,l). □ 

For i E {1, 2, 3}, the involutive automorphism di of -F4(_2o) is defined 
by ai{g) := aigai for g E F^_2o) and the subgroup K of -F4(_20) as 

K := (F4(_20))''' = {g & i^4(-20) I (^ig = fi-CTl} 
[35] (cf. [36]). Let indices be counted modulo 3 and denote 

3 

J^^ := {X G JV.^ = X} = {($^0^,) + F/(x)|0 e M,a; G O}, 

i=i 
2 

i=i 

Lemma 3.15. Let indices i,i + l,i + 2 be counted modulo 3. 

= {X Ej' \ AEi X (Ei X X) = X} © REi, 



J^i,, = {X G X X = 0, (E,|X) = 0}. 

(2) (F4(.20))^^J'i., = J"!., {resp). 

(3) Lei(7G (F4(_20))'''. ^/len 
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for some ^j+i, ^,+2 ^ O'l^d x G O. 

Proof. (1) It follows from Lemma [1.3( 1) (2) and direct calculation. 

(2) It follows from a^g = gai for all g G (-F4(-20))'^'- 

(3) Let indices be counted modulo 3. Because of FIj^^{1), Fj^2(l) ^ 
J'_^^ and (2), gFl,{l) = Fl,{x,+,) + Fl,{x,+,) and gFl,{l) = 

+ Fl_^2{yi+2) for some Xi+j, yi+j G O. Then we get gEij^i = 

,,(^+1) TTiiTT) (Z^fc=i^i+fc^i+fc) + W and 

Fl{v) for some ^i+k,Vi+k ^ 1^ and M,f G O. Thus (^i^j = (^(i? — -Ej+i — 
£^i+2) = ^ - Yll=ii^i+k + 'ni+k)Ei+k - Fl{u + v). Hence (3) follows. □ 



Proposition 3.16. (|36i Theorem 2.4.4]) Let i G {1,2,3}. 

(1) (-^4(-20))'^' = (-F4(-20))i?r 

(2) ir=(F4(„20))Ei = Spin(9). 

(3) (F4(_2o))''^ = (i^4(-20))i?. = Spin°(8,l). 

(4) K and (-F4(_2o))'^^ ore analytic subgroups o/-F4(-20)- 

Proof. (1) Let indices be counted modulo 3. For all X G X can be 
expressed by X = X„. + X^^- for some X^j. G J'}, and X_o-- G ^yio-. . 
By Lemma [3.15l (2). gcriX = gX^- — gX^^i = cng^, and so ga^ = aig. 
Therefore g G {Fi(-2o)Y' and so {F^-2o))e, C (-^ 4(-2o) )^'- 

Conversely, take G (-F4(-20))°^'- By Lemma [3.15( 3). gEi = Ei + 
^i+iEi+i + ii+2Ei+2 + Fl{x) for some 6+1,6+2 G M and x G O. By 
Proposition dSl gEi G OrhF^^_^^,^{Ei) C Since (^^i)''^ = 0, we 
get ((f7E,)x2)s^^^. = and {{gEi)^^)E, = where j G {1,2}. Then 
by Lemma [112), = (((7^.)^2)^^^^ _ ^.^^ q = (((?^i)''')i?. = 
6+16+2 — ei(0(^l^)- Therefore 6+1 = 6+2 = and a; = 0, and so 
gEi = Ei. Thus g G iF^_20))E, and so {F^_2o)y' C {F^^2o))e,- Hence 
(1) follows. 

(2) It follows from (1). 

(3) Since E2 G Or6^^(_,„, (E3), (i^4(-2o))i?2 = (^4(-2o))i?3 = Spin°(8, 1). 
Thus (3) follows from (1). 

(4) It follows from (2) and (3). □ 

4. The construction of nilpotent subgroup. 

Let g be a Lie algebra over F = M or C Let us denote tr as the trace 
of a vector space endomorphism, and for all X G 0, ad(X) G EndF(0) 
as ad(X) = [X, Y] for F G g. The Killing form S of g is defined 
by the bilinear form B{X,Y) := tr(ad(X)ad(F)) for X,Y e Q. An 
involutive automorphism 6' of a semipimple Lie algebra g is called a 
Cartan involution if the bilinear form B{X,6Y) is negative definite. 
Then 6 has two eigenvalues: 1 and —1, so that put t and p be the 
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eigenspaces of 6*, respectively. Then the decomposition Q = t® p, and 
call the Cartan decomposition. 

The differential ddi G Aut]R(f4(_2o)) of the involutive automorphism 
5"j is written by same letter 5"j : a"j0 = aiCpai for G f4(--20)- 

Lemma 4.1. Let indices i,i + l,i + 2 be counted modulo 3, D G 04 and 
a,x,y & O. 

(1) The following equations hold. 

r (i) a,D = D, (ii) adKa) = Al{a), 

\ (iii) (5-ii](a) = -A]{a), ioi j =i + l,i + 2. 

(2) The following equations hold. 

r (i) [D,Al{x)]=Aj{D,x), (ii) [iK^),4H2/)]e94, 
\ (iii) [Al{x),Al,{y)] = e,{z + 2)Al,{xy) 

where D = dip^^Di, D2, D3) G 04 (cf. Lemma 1X^ 3)). 

Proof Let X G {Ei,F/(x) \ x e O, i = 1,2,3}. Since Lemma ESK2) 
and direct calculation, atDaiX = DX, aiAi{a)aiX = Ai{a)X and 
aiAj{a)(JiX = —Aj{a)X. Therefore (1) follows. Similarly, we obtain 
[D,A}ix)]X = Al{D,x)X, [Al{x),AlM]X = e,it + 2)Al,{xy)X 
and [A}{x), A}{y)]Ek = for all k G {1, 2, 3}. Hence (2) follows. □ 



Lemma 4.2. 

(1) ([40, Theorem 2.5.3]) The Killing form B of f 4(^^20) is given by 

B{4>i, 02) = 3tr(0i02) for all 4>i G f4(-20)- 

(2) Let(j) = d^{Di,D2,Ds) + ^ti^}i('i) where d^{Di, D2, D^) G 04 
and Oi G O. Then 

S(0,ai0) = -3 ((^^(Ae.lAe,)) + 24(a,|a,) 

\i=l V j=0 

(3) 5"! is a Cartan involution o/f4(_2o)- 

Proof (2) By LemmagU:!), ai0 = rf(^(Di, A, A) + Eti ei(OA'K)- 
Since {Ei, F/(ej)| i = 1, 2, 3, j = 0, ■ ■ ■ , 7} is a basis of J'^, 

(3 37 
5^(0(ai0)i?,)^^ + 5^5^((0(ai0)F/(e,))^i|e,) 
4=1 i=l j=0 

follows from (1). Because of Lemmas I3.3r 2) and I3.6r 2). and direct 
calculation, we obtain {(j){ai(f))Ei)Ei = -2{{ai+i\ai+i) + (aj+2|ai+2)) 
and {{(j){ai(f))Fl{ej))Fi\ej) = -(DiCjlDiej) - 4:{ai\ejf - (aj+i|ai+i) - 
(aj+2|ai+2) where indices i,i + l,i + 2 are counted modulo 3. Thus (2) 
follows. 
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(3) Let G f4(-20)- By Lemmas 13.6( 1) and l3.3( 3). can be expressed 
by = dip{Di,D2,D^) + where dip{Di, D2, D^) G ^4 and 

ai G O. By (2), 5(0,5-i0) < 0, and it follows that 5(0, ai0) = iff 
= 0. Hence (3) follows. □ 

Let us denote 

! := {0 G f4(-20)| 5-10 = 0} = Lie{K), p := {0 G f4(-20)| 5-i0 = -0}. 
Then f4(-20) = t©p (Cartan decomposition). By Lemma l^m (l)(iii). 
^3(1) G p. The abelian subspace a of p, the analytic subgroup A of 
-F4(-20) and the linear functional a on a are defined as 

a := {tAl{l)\ t G M}, A := {exp(ti^(l))| t G M}, a(i^(l)) := 1 (resp). 

Let ap be a maximal abelian subspace a of p such that a C Op, and 
denote the dual space of a and Op as a* and a*, respectively. For A G a* 
or a;, 

Sa := {0 e f4(_20) I [H, 0] = A(if)0 for all H G a}, 
0A(ap) := {0 G f4(-20) I [H, 0] = A(/7)0 for all H G Op} 
respectively. Moreover, let us denote 

S:= {AGa*| A^O, Sa7^{0}}, 
S(ap) := {AGa;| A^O, fl,(ap) ^ {0}}, 
and the centralizer of a of the group K and its Lie algebra as 
M := ZK{a) = {keK\ kAl{l)k-^ = Al{l)}, 
m:=Z,{a) = {(Pet \ [cP, AHl)] = 0}. 
For all p G ImO, the elements lp,rp,tp G EndiR(O) are defined as 
IpX := px, TpX := xp, tpX := {Ip + rp)x = px + xp for x G O 

respectively. Since p = —p and Lemma [TT1T 4). {lpx\y) = —{x\lpy), so 
that Di G 64. Similarly /p,tp G O4. By Lemma [LTT 9). lp{x)y + xrp{y) = 
{px)y + x{yp) = p{xy) + {xy)p = et_pe{xy). Applying Lemma 1X^ 3). 
the element 6{p) G is defined by 

5{p) := d(fo{lp,rp,t_p). 

For p G ImO and x G O, let us denote 

(4.1) g,{x) := Alix) + Ali-x), G^ip) := -Al{p) - 6{p), 

g.^ix) := Alix) + Alix), g^2ip) ■■= Alip) - Sip). 

For i = ±1 and j = ±2, let us denote the subspaces and Qj of f4(_2o): 
Si := {Giip) I P G ImO}, Qj := {Gjix) | x G O}. 

Lemma 4.3. Let p G ImO and x G O. 

(1) Qi C Qia for i G {±1, ±2}. Especially, {±a, ±2a} C S. 

(2) [0 
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Proof. (1) Since Lemma [4.1( 2)(iii) and direct calculation, 
[Al{l),Al{x)+Al{Tx)] = ±{A\{x) + Al{Tx)) for all a; G O (resp). 

Thus Q±i C Q±a {resp). Fix p G ImO. Let X G {Ei,Fl{x)\x G O}. 
Since Lemmas 14.1( 2). 1X^ 1) and direct calculation, 

[Al{l),Al{p)]X = 26{p)X. 

Thus [Al{l),Al{p)] = 25{p). Therefore 

-A\{±p) - 5{p)] = ±2{-Al{±p) - 6{p)) [resp) 

and so q±2 C Q±2a (resp). Hence (1) follows. 

(2) The assertion follows from the Jacobi identity. □ 

Proposition 4.4. M = B3 = v9o(Spin(7)). 

Proof. By Lemma [3.21 (2). Lemma [3.11 (2) and Proposition 13. 16t 2). note 
that v2o(Spin(7)) = = (F4(-20))si,f1(i) and K = {F^_2o))e^- Let 
g G Spin(7). g can be expressed hj g = {gi,g2,gz) such that g = 
{gi,egie,g3) G Spin(8) and gsl = 1. Put = (^o{g)Al{l)Lpo{g)~'^. Since 
Lemmas 13. 4[ 13.6^ 2) and direct calculation, 

+ E2) = 2F^{1) = i^(l)(-^i + E2), 
0P- = 2P- = AI{1)P-, (f)E = = Al{l)E, (j)Es = = i^(l)^3, 
(j>Fiip) = 2ig^'p\l)i~E^ + E^) = 2(p|l)(-Ei + E^) = Al{l)Fi{p), 
0g+(x) = Q+(x) = Al{l)Q+{x), <PQ-ix) = -Q-{x) = Al{l)Q-{x) 

where a; G O and p G ImO. Therefore = ^3(1), and so (po{g) G M. 
Thus ^3 = (^o(Spin(7)) C M. 

Conversely, take k G M. Then kAl{l)k~^ = ^3(1). We consider 
the equation kAl{l)k~^Ei = Al{l)Ei. Since k^^ G (P4(-20))£;i and 
Lemma 13.6( 2). the right hand side is kAl{l)k~^Ei = —kF^{l), and 
the left hand side is Al{l)Ei = -F^il). Therefore ^^3^(1) = ^3^(1) 
and so A; G (P4(-20))_Ei,f1(i) = -^3- Hence M d and so M = i?3 = 
<^o(Spin(7)). ' ' □ 

Lemma 4.5. Let i G {±1, ±2}. 

(1) g, = Qi^. (2) Op = a. (3) S(ap) = S = {±«, ±2a}. 

(4) f4(-20) = 0-2Q © 0-Q © a © m © © 02a- 

Proof. By virtue of definitions of m and a, m C go n t and a C 0o n 
p. By Lemma I4.3r i). g_2 + g-i + + m + 0i + 02 is a direct sum 
0_2 © 0-1 © a © m © 01 © 02 and g_2 © g-i © a © m © gi © g2 C 
0-2a © Q-a © a © m © go © g2a C f4(-20)- Next dim a = 1, dim 02 = 
dim 0_2 = dim O = 8 and dim gi = dim 0_i = dim (ImO) = 7. By 
Proposition 14.41 and Lemma [3.2( 2). dim m = dim (so(7)) = 21 where 
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so(7) := Lie(S0(7)). Moreover, dim f4(_2o) = 52 by Lemma CTlV 
Thus dim (g_2 © 0_i © a © m © 0i © 02) = 52 = dim f4(-20) and so 

0-2 © g-i © a © m © 01 © 02 = 0-2Q © 0-Q © a © m © 0„ © 02^ = f4(-2o)- 
By Lemma HTST l). 0j = Qia for i G {±1, ±2}. Because of a © m C 0o, 
the decomposition f4(-20) = 0-2a ©0-a © (ci©m) ©0^ ©02a imphes the 
eigendecomposition of ad(y43(l)) and the root space decomposition of 
(f4(-20), a) (cf. dSl Ch V]). Therefore S = {±a, ±2a} and 0o = a©m. 
Because of o C Op C 0o Dp = a, a is a maximal abehan subalgebra of p. 
Therefore Op = a, and so S(Op) = S = {±a, ±2a}. Hence the assertion 
fohows. □ 

The nilpotent subalgebras are defined as 

n"^ := 52a® 5a = {^2(p) + Qii^)] p G ImO, G O}, 

:= 0-2Q ©0-Q = {Q-2{p) + Q-iix) \ p G ImO,x G O} 

respectively. In fact, by Lemma 14.5^ 1). 0±2a © d±a = {G±2ip) + 
Q±i{x) \ p G ImO,x G 0} (resp), and by Lemmas 14.3^ 2) and 14.5^ 3). 

[n+,[n+,n+]] =0, [n-, [n-, n-]] = 

and the nilpotent subgroups A^^ of -F4(_20) are defined as 

A^"*" := expn+ = {exp(^2(p) + Gi{x)) \ p G ImO,x G O}, 

:= expn^ = {exp(^_2(p) + \ p G ImO, x G O} (resp). 

Lemma 4.6. Let a; G O and p G ImO. 

(1) exp^2(p) exp^i(x) = exp(^2(p) + Gi{x)) = exp ^i(x) exp ^2(j5). 

(2) ai{g±2{p)+Q±i{x)) = G^2{p)+G^i{x) (resp). Especially, ain+ = 
n~ and = n+. 

(3) criexp(^±2(p) + Q±iip)) = exp(^^2(p) + G^iip)) (resp). Espe- 
cially, ai{N+) = o-iiV+cTi = A^" and aiiN') = aiN'ai = iV+. 

Proof. (1) By Lemmas I13K2) and |13](3), [0a, 02a] = [02a, 0a] = 0. 
Hence (1) follows. 

(2) By Lemma SU:!), ^i{g±2{p) +g±i{x)) = g^2ip) + gTiix) (resp). 
Hence (2) follows. 

(3) By (2), aiexp(e?±2(p) + g±i{p)) = exp(ai(^?±2(p) + g±i{p))) = 
exp{g^2ip) + G^i{p)) (resp). Hence (3) follows. □ 

For x,y, z E O, let us denote x x y x z := ^{x{yz) — z{yx)) and 

T{x,y,z) := -x xyxz = ^{{xy)z - {zy)x). 

Lemma 4.7. T{x,y,z) is alternating on O. 

Proof. By [131 Lemma 6.56(a)]), x x y x z is alternating on O. Hence 
T{x,y,z) is alternating on O. □ 
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Lemma 4.8. Let p,q & ImO and x, y G O. Then 

[G2{p) + Gi{x), G2{q) + Gi{y)] = G2{2\m{xy)). 

Proof. It is enough to show [^2(p), ^2(0')] = [^2(^)7^1(2;)] = and 
[Qi{x),gi{y)] = ^2(2Im(xy)). At first, by Lemmas QS) andH2), 

[^2(p),^2(g)] = [^2(p),^i(x)]=0. 

At second, by Lemma [4. 1^ 2) and direct calculation, 

[GiixigM] = {[A\ix),Aliy)] + [Al{x),Al{x)]) - Al{2lm{xy)). 

Put / =J^i(x),^i(y)]-^2(2Im(xy)) = [A\ix),Aliy)] + [Alix),Aliy)] + 
6{2lm{xy)). To prove [^i(x), Giiy)] = ^2(2Im(xy)), it is enough to show 
/ = 0. By Lemma 1411 2) (ii). / G c)4, and so by Lemma [3l3] (3). / = 
dipQ{Di, D2, D3) for some {Di, D2, D^) G (^4)^ satisfying the infinitesi- 
mal triality: {Dix)y + x{D2y) = eD^e{xy) for all a;, y G O. Fix 2; G O. 
Then Fl{D,z) = d^^{D,, D^^ D,)Fl{z) = fF^{z) = {[A\{x) , A\{y)] + 
[Al{x),Al{y)] + S{2lm{xy)))Fl{z). Since Lemmas [321^2), 0^6), and 
14.71 and direct calculation, 

Diz = —4:{y\z)x + 4:{x\z)y + {zy)x — {zx)y + {xy)z — {yx)z 

= —2{yz)z — 2{zy)x + 2{xz)y + 2{zx)y 

+ {zy)x — {zx)y + {xy)z — {yx)z 

= {zx)y — {yx)z + {xy)z — {zy)x + 2{xz)y — 2{yz)x 

= 2T(z, X, y) + 2T{x, y, z) + 4T(x, z, y) 

= 2T{x, y, z) + 2r(x, y, z) - 4T(x, y,z) = Q 

Therefore Fi{Diz) = and so Di = 0. Using Lemma 13.3^ 1). D2 = 
= and so / = 0. Hence the assertion follows. □ 

Lemma 4.9. There exists a neighborhood U ofOin ImO x O such that 

exp(^2(p) + Giix)) exp(^2(g) + Giiy)) 
= exp(^2(p + q + lm{xy)) + Qi{x + y)) 

= exp(^2(p + g + lm{xy))) exp(^i(x + y)) for all {p,x), {q,y) G U. 

Proof. (1) Using Campbell-Hausdorff-Dynkin formulas (cf. [HI Theo- 
rem 3.4.4]), there exists a neighborhood Ui of in EndiR(j7'^) such that 
for all X,Y eUi, 

exp X exp y = exp(X + y + ^ [X, Y] + ^ [X, [X, Y]] + ^ [Y, [Y, X]] 
+ (terms of degree > 4)). 
Because of [n+, [n+, n+]] = 0, 

exp X exp y = exp(X + r + i [X, Y]) for all X,Y en+nUi. 
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Therefore, there exists a neighborhood U of in ImO x O such that 
for all {p,x), {q,y) G U, 

exp(^2(p) + Giix)) exp(^2(g) + Giiy))) 

= expig2ip + q) + giix + y) + ^[^^sIp) + 6^2(g) + Giiv)]) 

Applying Lemma [4. 8 [ 

expiG^ip + q) + gi{x + y) + ^[Q^ip) + Qiix), Q^iq) + GM]) 

= exp(^2(p + q + lm.{xy)) + Qi{x + y)). 

By Lemma HSl^l), exp(^2(p + q + lm{xy)) + Qi{x + y)) = exp(^2(p + 
q + lm{xy)))exp{gi{x + y)). □ 

Lemma 4.10. Let p,q & ImO and x,y E O. 

(1) The following equations hold. 

(i) g2{p){-E^ + E2) = -2Fl{p), (ii) 6;2(p)P- = o, 

(iii) e?2(p)^ = 0, (iv) 6?2(P)^3 = 0, 

(v) G2{p)Fl{q) = -2{p\q)P-, 

(vi) g,{p)Q+{y) = 0, 

_ (vii) 6^2(p)g-(z/) = -2Q+{py)- 

(2) T/ie following equations hold. 

(i) e;i(x)(-Ei + E2) = -Q-(a;), (ii) e;i(x)p- = o, 

(iii) gi{x)E = 0, (iv) 6;i(x)E3 = Q+(a;), 

(v) gi{x)Fi{q) = -Q+(gx), 

(vi) 6;i(x)g+(y) = 2(x|y)p-, 

_ (vii) giix)Q-iy) = 2ix\y)iE - SE^) + Fii2lmixy)). 

Proof. It follows from Lemma [3.6( 2). the definition of 6{p) and direct 
calculation. □ 

Lemma 4.11. For all X G n+, ^2(p)^ = 0, ^i(x)^ = and = 0. 
Especially, X is a nilpotent element ofEnd^lJ'^) and 

2 4 

exp ^2(p) = Yl ;^^2(P)", exp ^i(x) = J2 

n=0 ■ n=0 

Proof. Since Lemma [4.101 and direct calculation, for all Y G {— -Ei + 
^2, P-, E, E,, F^{p), Q+{x), Q-{y) \ p G ImO, x, y G O}, g^ipfY = 
and gi{xfY = 0. Thus g2{pf = and ^i(x)^ = by Lemma [1^2). 
Put X = ^2(p) + ^i(a;). By Lemma [Ml [^2(p), ^i(a;)] = 0. Therefore, 
using the binomial theorem, X^ = Ylk=o (fc)^2(p)'^~'^^i(a;)'^. Because of 
8 - A; > 3 or A; > 5, = 0. □ 
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Proposition 4.12. Let p,q & ImO and x,y E O. 

(1) The following equations hold. 

(i) expg2{p)i-Ei + E2) = {-El + E2) - 2F^{p) + 2{p\p)p- , 

(ii) e^^G2{p)P- = P-, 

(ill) exp^2(p)-E = -E, (iv) exp^2(p)-E3 = -E3, 

(v) exp6;2(p)F3'(?) = ^3 (?) - 2(p|g)P-, 

(vi) expe;2(p)g+(z/) = g+(l/), 

(vii) exp6;2(p)g-(z/) = - 2g+(pi/). 

(2) T/ie following equations hold. 

(i) expe?i(a;)(-Ei + E^) = {-Ei + E2) - Q-{x) 
-{x\x){E - 3E3) + {x\x)Q+{x) + l{x\xfP-, 

(ii) expQi{x)P^ = P^, (iii) expQi{x)E = E, 

(iv) exp gi{x)E3 = E3 + Q+{x) + {x\x)P-, 

(v) expg,{x)Fi{q) = F^{q)-Q+{qx), 

(vi) exp6;i(x)g+(y) = Q+iy) + 2ix\y)P-, 

(vii) expe;i(x)g-(y) = Q-(2/) + 2(x|i/)(E-3E3) 
+F3^(2Im(xt/)) — Q^{3{x\y)x + lm{xy)x) — 2(x|?/)(x|x)P~. 

Proof. It follows from Lemma 14.101 and direct calculation. □ 



5. The stabilizer groups of semidirect product group 

TYPE. 

Consider Spin(7) x ImO x O in which multiplication is defined by 



(5.1) {g,p,x){h,q,y) := {gh,p + g^q + lm{x{giy)), x + giy) 

where p,q E ImO, x,y E O and g = {gi, g2, gs), h G Spin(7). Then 
the multiplication is closed because of lm{x{giy)), g^q G ImO by- 
Lemma [23^1) (iv). Let us denote G := Spin(7) x ImO x O, and the 
subsets H,N of G as 

H := {(^,0,0) I g G Spin(7)}, N := {(l,p,x) | p G ImO,x G O}. 

Lemma 5.1. 

(1) G is a group with respect to the multiplication. 

(2) H and N are subgroups of G; H = Spin(7) and N = ImO x O. 

(3) G is the semi-direct product H tK N. 

Proof (1) Let g = {gi,g2,gz),h = i h,h2,h )J G Spin( 7), p,g, r G 
ImO and x,y,z G O. Then g3(lm{y{hiz)) = lm{{giy){gihiz)) by 
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Lemma 12.3( 3) (ii) . Therefore 

{{g,p,x){h,q,y)){f, r, z) 
= (ghf, p + 93q + gzhzr + lm.{x{giy)) 

+ \m{x{gihiz)) + \m{{giy){gihiz)),x + giy + gihiz) 
= (ghf, P + g3q + g^hr + lm{x{giy)) 

+ lm{x{gihiz)) + g3{lm{y{hiz))), x + g^y + gihz) 
= {g,P,x){{h,q,y){f,r,z)) 

and so the associativity hold. The identity element is (1,0,0) and the 
inverse element of {g,p,x) is {g~^, —g^^P, —gi^x). Hence (1) follows. 

(2) {g,0,0)-\h,0,0) = {g-%0,0) e H and {l,p,x)-\l,q,y) = 
(1, *, *) G A^, so that H and are subgroups of G. Obviously isomor- 
phisms follow. Hence (2) follows. 

(3) G = HN follows from {g,p,x) = {g, 0, 0){1, g^^p, g^^x) where 
g = (^1,^2,^3) e Spin(7). Obviously HnN = {(1,0,0)} follows. For 
any g G G, {g,p, x){l, q,y){g-^, -g^^p, -g^^x) = (1,*,*) G A^, and so 
gNg^^ C A^. Therefore A^ is a normal subgroup of G. Hence G = H ik N 
follows. □ 

From now on, let us denote H = Spin(7), A^ = ImO x O, and 
G = Spin(7) K (ImO x O). Let us denote 



G' 


:={(^7,P,0) 


g G Spin(7),j9 G ImO}, 


G" 


:= {{g.p^x) 


g G G2, a; G ImO}, 


N' 


:={(1,P,0) 


p G ImO} C G", 


H" 


:={(^7,0,0) 


(7 G G2} C G", 


N" 


:= {(l,P,g) 


p,qe ImO} C G". 



Then we have: 
Lemma 5.2. 

(1) G' and G" are subgroups o/Spin(7) x (ImO x O). 

(2) H and N' are subgroups of G'; N' = ImO. 

(3) H" and N" are subgroups ofG'; H" ^ G2, N" ^ ImO x ImO. 

(4) G' is the semi-direct product H x A^'. 

(5) G" is the semi-direct product H" x A^". 

From now on, let us denote 

ImO := A^', G2 ■■= H", ImO x ImO := A^", 
Spin(7) X ImO := G", G2 x (ImO x ImO) := G". 
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The map Lp : Spin(7) ix (ImO x O) — > (-F4(-20))p- is defined by 
(5.2) ^i9,p,x) := exp(^2(p) + Qi{x))(poi9) 

= exp^2(p)exp^i(x)v9o(fi') = exp ^i(a;) exp ^2(p)v5o(5'), 
for {g,p,x) G Spin(7) k (ImO x O) 

(cf. Lemma [4.6( 1)). Tlien by Lemma [3.41 and Prop osit ion 14 . 1 2 1 we get 

ip{g,p,x)P~ = P~, and so tlie mapping is well-defined. 

Proposition 5.3. Let g = {gi,g2,9z) ^ Spin(7),p, g G ImO andx,y G 
O. 

(1) ^oig) exp(^2(p) + Giix))(poigy^ = exp(^2(fl'3P) + GiiQix))- 

(2) exp(6;2(p) + Gi{x)) eMg2{q) + Giiy)) 
= exp(^2(p + q + lm{xy)) + Qi{x + y)). 

(3) if is a group homomorphism. 

(4) <^(Spin(7) X (ImO x O)) = N+M C (F4(_2o))p-. 

Proof. (1) Put A = ifoig). Because of Aexp(^2(p) + gi{x))A~^ = 
exp{A{Q2{p) + Giix))A~^) and Lemma 11.2( 2). it is enough to show 
that for all X G {-^i + E2, P- , E, E3, Fi{q),Q+{y),Q'{z) \ q G 
ImO, y,ze O}, 

(i) Ag2{p)A-'X = g2{g3p)X, (ii) Ag,{x)A-'X = G2{gix)X. 

(Step 1) We will show (i) using Lemma [3.41 and Lemma [4.10( 1). 

Case X = P~,E, E^, Q+{y). Then AG2{p)A-^X = = 6^2 (^73P)^- 

Case X = -El + E2. Then A^2(p)^"'(-^i + ^2) = -2^31(^3^) = 
G2{gzp){-Ei + E2). 

Case X = Fiiq). Since {gug2,g3) G Spin(7), Ag2{p)A-'Fi{q) = 
-2{p\g^'q)p- = -2ig,p\q)p- = g2{g^p)Fl{q). 

Case X = Q-{z). Then by Lemma [231^3) (iii), A^2(p)^"^<5~(^) = 
-2Q+{gM9l'z))) = -2Q+{{g,p)z) = G2{g,p)Q^{z). 

Therefore (i) follows. 

(Step 2) We will show (ii) using Lemma [3.41 and Lemma [4. 10( 2). 

Case X = E,P-. Then Agi{x)A-^X = = gi{g2x)X. 

Case X = -El + E2. Then Agi{x)A-\-Ei + E2) = -Q-{gix) = 
gi{gix){-Ei + E2). 

Case X = E3. Then Agi{x)A-^E3 = Q+{gix) = gi{gix)E^. 

Case X = Q+{y). Since (^1,^2,^3) G Spin(7), Agi{x)A-'Q+{y) = 
-2{x\g^^y)p- = -2{gix\y)P- = g2{9ip)Q^ (y) ■ 

Case X = F:^{q). Then by Lemma [23t3)(iii), Agi{x)A-^F^{q) = 
Fi{gi{{g^'q)x)) = Fi{q{gix)) = gi{gix)Fi{q). 

Case X = Q (z). Since {gi,g2,g3) ^ Spin(7) and Lemma 1^51 3) (ii) . 
Aexpgi{x)A-'Q-{z) = 2{x\gi'z){E - SE^) + Fi{2g3{lmx{gi'z))) = 
2{gix\z)iE - 3E;) + Fi{2{gix)z) = gi{gix)Q- {z). 

Therefore (ii) follows. Hence (2) follows. 
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(2) Put f{p,x,q,y) G Endu{J^) as 

f{p,x,q,y) = exp{g2{p) + Giix)) exp{g2{q) + Giiy)) 
- exp(^2(p + q + lm{xy)) + + y)). 

Let Pi,qi,Xi,yi be variables defined as p = YH=iPi^i^ 1 = SjLi ^i^j, 
X = Y^I^QXiCi and y = Y^l^QyiGi- Fix X, y G J'^. Put the function 
Fx,YiP,x,q,y) = {f{p, x, q,y)X\Y). By Lemma gTH 

2 4 2 4 

fiP,x,q,y) = (E7!^2(p)^)E^^i(x)^)(X:^^2(gnE^^i(yr) 

i=0 ' i=Q ' i=0 ' 1=0 

2 4 

4=0 2=0 

Tlius Fxx{p,x,q,y) is a polynomial function. By Lemma 14.91 there 
exists a neighborhood [/ of in (ImO x O)^ such that f{p, x, q,y) = 
for all {p,x,q,y) G U. Thus Fx,Y{p,x,q,y) = for all {p,x,q,y) G t/. 
Since Fx,Y{p,x,q,y) is a polynomial function, Fxx{p,x,q,y) = for 
all {p,x,q,y) G (ImO x O)^. Moving X, F G J^, f{p,x,q,y) = 0. 
Hence (2) follows. 

(3) Denote F{po,xo) = exp(^2(po) +gi{xo)) for (po,xo) G ImO x O. 
By (1),(2) and Lemma [3j(2), 

ip{g,p,x)ip{h,q,y) = F{p,x){ipo{g)F{q,y)ipo{9y^)Vo{9h) 
= F{p, x)F{gsq, giy)(po{gh) 

= F{p + g^q + lm.{x{giy)),x + giy)(poigh) 

= (p{gh,p + g3q + lm{x{giy)),x + giy). 

Hence (3) follows. 

(4) It follows from the definition of (p and Proposition 14.41 □ 

Let y be a M-linear space and N a nilpotent subgroup of GLk(^). 
For V E V, the subset Orb]\f{v) of V is called a parabolic type plane. Let 
us denote nilpotent subgroups Ni and ^2 of = ip(lmO x O) as 

Ni := <^(ImO), N2 := (^(ImO x ImO) 

and the subsets Ves,p-, Vp- and Vq+{i) of as 

Ps3,P- := {X G (j')2E3,-i| X X = -^3, QeAX) = 1}, 

Pp_ := {X G J^'l X X = -^P-, X^2 _ 0, tr(X) = 1}, 

:={XGPp-|g+(l)xX = 0}. 

Lemma 5.4. 
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= {(-El + E2) + 2Fl{j>) + 2{j)\p)P- I p e ImO} 

-- {exp^2(p)(-^i + ^2) I P e ImO} 

- OrhMA-Ei + E^) 

- Or6(^4(-.o,).3,p-(-^i + ^2). 

{^3 + Q+{x) + {x\x)P- I X G 0} 
{exp Qi{x)E'i \ X eO} 

{^3 + Q^{x) + {x\x)P- I X e ImO} 
{exp^i(x)-E3 I X G ImO} 
Or6^,(E3) 

Proo/. (1) At first, set P = {(-Ei + E2) + F^{2p) + 2(p|p)P- | p G 
ImO}. By Proposition l)(i), {-Ei + E2) + ^3(2^) + 2{p\p)P~ = 
exp^2(-p)(-^i + E2), and so P C OrbN^{-Ei + E2) follows. 

At second, fix X G Ve3,p-- Because of JiE^-i = '^{-Ei + E2) © 
MP- © P3i(ImO), X can be expressed by X = r(-Ei + E2) + P3 (2p) + 
sP~ for some r, s G M and p G ImO. Then by direct calculation, 
P- X X = -rE^. Therefore r = 1 and so X = {-Ei + E2) + P3 (2p) + 
sP-. Next, 1 = QE^iX) = (1 + s)2 - - 4(p|p) so that s = 2{p\p) 
Therefore X = {-Ei + E2) + 2Fl{p) + 2(p|p)p- and so X G P. 
Thus Vez,p- C P C OrhN^{—Ei + ^2)- Since Xi is a subgroup of 
(i^4(-20))£;3,p-, 0r6jvi(-^i + ^2) C Or6(^^,_^„j)^^^_ (-Pi + P2). 

At third, by virtue of the definition of Ve^^p-, (-^4(-20))£;3,p- acts on 
Vez,p-- Because of -Pi + P2 G Ve^.p-, we get Or\Fi(_20))E^^p- {-Ei + 
E2) C Pe3,p-. Consequently Ve^^p- C P C OrbN^i-Ei + E2) C 
<^^V4(-2o))s3,P-(-^i + ^2) C Pi<;3,P-. Hence (1) follows. 

(2) At first, set V = {P3 + (5+(x) + {x\x)p- | x G O}. By Propo- 
sition |112](2)(iv), P3 + Q+{x) + {x\x)P- = exp^i(x)P3, and so V C 
Orbj^+^E^) follows. 

At second, fix X G Pp-. X can be expressed by X = r{—Ei + 
E2) + sP- + uE + vE3 + F^{p) + Q+{x) + Q~{y) for some r,s,u,v eR 
p G ImO and x,y G O. Then by direct calculation, P~ x X = — |(m + 
f)P~ — rP3 + Q~^{y). Therefore r = y = and u + v = 1, and so 
X = sP- + (1 - v)E + vEs + F^{p) + Q+{x). Next 1 = tr(X) = 
3(1 — v) +v. Therefore v = 1, and so X = P3 + sP~ + P3^(p) + Q'^lx). 
Because of = X^^ = ((x|x) - s)P" - P3 (p) + {p\p)Es + Q~{px), we 
get j9 = and s = (x|x). Therefore X = P3 + {x\x)P~ + Q^{x) G V, 
and so Pp- cVc Orbjy+^Es). Since X"*" is a subgroup of (P4(-20))p-) 
Or6^+(P3)cOr6(p,(_,„,)^_(P3). 

At third, by virtue of the definition of Pp-, (P4(-20))p- acts on Pp-. 
Because of P3 G Pp-, Or6(p^j_2Qj)^_ (P3) C Pp-. Consequently Pp- C 
P' C Or6^+(P3) C Or6(p^,_^„,)^_(P3) C Pp-. Hence (2) follows. 



(1) 'Pe,,p^ = 

(2) Pp- = 

(3) Pq+(i) = 
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(3) At first, set V" = {E3 + Q+(x) + {x\x)P'\x e ImO}. Then 
E3 + Q+{x) + {x\x)P- = exp^i(a;)E3 by Proposition 1112^2) (iv). Thus 

At second, fix X G 'Pq+(i)- Because of X G Vp- and (2), X can 
be expressed hj X = + Q~^{xo) + (a;o|a;o)-P^ for some Xq G O. 
Because of = Q^{1) x X = Re(a;o)-P~, we get Xq G ImO. Therefore 
X G V" and so Pq+(i) C V". By Proposition E^l for all x,p e ImO, 
expgi{x)expg2{p)Q+il) = g+(l) + (x|l)P- = Q+(l). Therefore N2 is 
a subgroup of (F4(_2o))q+(i), and so OrhN^^E^) C Or6(i.^j_20))Q+(i) (^s)- 

At third, by virtue of the definition of Vq+(i), (-P4(-20))q+(i) acts on 
Pq+(i). Thus Or\F^^_^a))Q+^^)iE3) ^ ^Q+(i) folfows from E3 G Pq+(i). 
Consequently 'Pq+(i) C C OrbN^iEs) C Or6(ir^(_20))Q+(i) (^s) C 
'Pq+(i). Hence (3) follows. □ 

It follows that Ve3,p-, Vp- and 'Pq+(i) are parabolic type planes 
from Lemma 15. 4[ Let /, be the mappings from the suitable M" to the 
parabolic type planes defined as 

/i : ImO ^ Ve„p-; flip) := exp e?2(p)(-^i + ^2) for p G ImO, 
/2 : O ^ Pp-; /2(x) := exp 6;i(a;)E3 for x G O, 

/g : ImO ^ Pq+(i); /3(a;) := exp ^i(x)E3 for x G ImO. 

Lemma 5.5. fi is a bijection for any i G {1,2,3}. 

Proof. Case /i. By Lemma 13^ 1). Ve^^p- = {fiip) \ V ^ ImO}, and 
so /i is onto. If p, g G ImO and p ^ then (— -Ei + E2) + 2^3^ (p) + 
2{p\p)p- ^ (-Ei + E2) + 2F3^(g) + 2(g|g)p-. Therefore /i is one-to-one. 

Case /2. By Lemma 15^ 2). Vp- = {f2{x) \ x G O}, and so /2 is 
onto. If x,y E O and x y, then /2(a;) = i?3 -|- Q'^{x) + {x\x)P~ 7^ 
-Es + Q^{y) + = fiiy)- Therefore /2 is one-to-one. 

Case /s. By Lemma [5^ 3). 'Pq+(i) = {fz{,x) | x G ImO}, and so /a is 
onto. If X, ?/ G ImO and x ^ y, then /3(x) = i?3 + Q^{x) + (x|x)P^ 7^ 
-E's + Q^iy) + {y\y)P^ = /3(y)- Therefore /s is one-to-one. □ 

The homomorphism ipi : Spin(7) x ImO — )■ (P4(-20))£;3,p- is defined 
by the restriction ipi := y)|Spin(7) x ImO: 

Vii9,p) = vi9,P,^) = exp ^2 (p) Viols') for i9,p) ^ Spin(7) x ImO. 

By Lemma 13.41 and Proposition 14. 121 (1) . we get if{g,p)Es = E^ and 
if{g,p)P^ = P~ , and so the mapping is well-defined. The homomor- 
phism : G2 i< (ImO X ImO) — )■ (P4(-2o))q+(i) is defined by the 
restriction (f2 '■= f\G2 x (ImO x ImO): 

^2(9, P,q) = exp{g2{p)+Qi{q))(po{g) for {g,p,q) G ^2 x (ImO x ImO). 

By Lemma [33] and Proposition 14.121 ip2{9,P,x)Q^{l) = Q^{1), and so 
the mapping is well-defined. 
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Proposition 5.6. 

(1) (fi is an isomorphism onto (-F4(-2o))e3,p-- 

(2) if is an isomorphism onto {F^_20))p-- 

(3) is an isomorphism onto (-F4(-20))o+(i)- 

Proof. (1) It is enough to show ipi is an onto and one-to-one. Let 
g G {Fi{-20)) E:i,p- ■ By Lemma 13^ 1) and Proposition 14. 12( 1) (i). 

~g{-E,+E2) = {-E,+E2)+2F^{p)+2{p\p)p- = expg2{-p){-E,+E2) 

for some p G ImO. Therefore exp G2{p)g{~Ei + E2) = —Ei + E2. Thus 
by Lemmas [XII2) and 0(2), exp^2(p)^ G (-F4(-20))-i?i+i?2,i?3,P- = 
(^4(-20))i?i, £3,^1(1) = V5o(Spin(7)). Therefore exp^2(p)^ = Viols') for 
some g G Spin(7), and so ^ = exp ^2(p)v'o(fl') = fiig,p)- Hence ipi 
is onto. 

Take {g,p) G Ker((/?i). By Lemma [32](2), -E1 + E2 = !fi{g,p){-Ei + 
E2) = expg2{p)M9)i-Ei + E2) = expg2{p){-Ei + E2) = fi{p). 
By Lemma 13751 p = 0, so that '^i{g,p) = ^o{g)- By Lemma [H7^ 2). 
g = 1- Therefore Ker(<y9i) = {(1,0)}, and so ipi is one-to-one. Hence 
(1) follows. 

(2) It is enough to show is an onto and one-to-one. Let g G 
(^4(-20))p-- By Lemma [531^2) and Proposition |il2](2)(iv), 

~gE-i = + Q+(x) + {x\x)p- = expg^{x)E^ 

for some a; G O. Then exp^i(— x)^P~ = P~ and so exp^i(— x)^ G 
{F4(-20))e3,p-- By (1), exp^i(-a;)^ = exp g2{p)(poig) for some {g,p) G 
Spin(7) K ImO. Therefore we obtain g = exp ^i(x) exp ^2(p)v5o(fi') = 
(p{g,p,x), and so ip is onto. 

Next, take {g,p, x) G Ker(y9). By Lemma 137^ and Proposition l4.12r 2). 
ipo{g),expg2{p) G (F4(_2o))i?3. Thus = Lp{g,p,x)E3 = exp^i(a;)E3 = 
f2{x). Then by Lemma [531 x = 0, and so ip{g,p,Q) = (pi{g,p) G 
(i^4(-20))i?3,P- By (1), {g,p) G Ker(¥;i) = {(1,0)}. Therefore Ker((/.) = 
{(1,0,0)} and so ip is one-to-one. Hence (2) follows. 

(3) By (2), the map 1^2 is a restriction map of isomorphism (f, and so 
(p2 is a mono-morphism. Therefore it is enough to show (p2 is onto. Take 
g G (-F4(_2o))q+(i). Because of P~ = Q+(l) x Q+(l), (-F4(_2o))q+(i) is 
a subgroup of (-F4(-20))p-- Therefore by (2), g = i^{g,p,x) for some 
{g,p,x) G Spin(7) x (ImO x ImO) with g = {gi,g2,g3). Because 
of Lemma 13741 and Proposition 14.121 and ip{g,p,x) G (-F4(-2o))q+(i)5 
g+(l) = y^{g,p,x)Q+{l) = Q^igil) + 2(a;|^il)P-. Therefore g,l = 1 
and = {x\gil). Because of (a;|l) = {x\gil) = 0, we get x G ImO. Since 
g G Spin(7), gil = 1 and Lemma [2.41 (4). we obtain g G G2. Therefore 
{g,p, x) G 6*2 X (ImO x ImO), and so <^2 is onto. Hence (3) follows. □ 
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The maps ipi : F^_2o) O, ip2 '■ -^4(-20) ImO and ip3 : F^_2o) 
-^4(-2o) are defined as 

(5.3) Mg) ■= {9E3}q+ = ^{{9E3)pi + {gE,)p^), 

(5.4) Mg) ■■= -^igi-Ei + E2)h„,Fi = -hm (^{g{-E, + E^))^.) , 

(5.5) 4j,{g) ■.= exp{-g,{Mg))-S2{Mg)))g 

for g G -F4(-2o) (cf- Lemma [13]) , respectively. 

Proposition 5.7. 

(1) Let g e (-^4(-20))p-- Then ipzig) ^ M and 

g = exp {Giiipiig)) + Q2{i^2{g)) Mg) e iV+M. 

(2) (F4(_20))p- = N+M = MN+. 

Proof. (1) By Proposition 15.6( 2). g can be expressed by 

g = exp^2(p) exp^i(x)v3o(/i) 

for some p G ImO, x G O and and h G Spin(7). By Lemma 13.41 and 
Proposition |il2](l) (2), 

{gEs}Q+ = {Es + Q+(x) + {x\x)P-}q+ = x 

and 

~'^{g{-E^ + E2)h„,pi = -Ui-Ei + E2) - 2Fi{p) + 2{p\p)p- 
-g-(x) + Q+(j9x) - {x\x){E - 3E3) + {x\x)Q+{x) 
+l{x\xfP-}i^pi =p. 

Therefore ipi{g) = x and ip2{g) = P- Then by Proposition 14. 4^ ipslg) = 
exp(— ^i(x) — Q2{p))g = V'o(^) ^ V^o(Spin(7)) = M. Hence (1) follows. 

(2) By (1) and Propositions [531(4), (F4(_2o))p- = N+M. By Propo- 
sition [531 1), ¥'0(5') exp (^2 (p) + Gi{x)) = exp(^2(fi'3P) + Qiigix))^oig) 
for all {g,p,x) G Spin(7) x (ImO x O) where g = {gi,g2,g3). Therefore 
N+M = MN+. Hence (2) follows. □ 

Proposition 5.8. Let p, g G M and p ^ q. 

(1) For Y = P~ + q{E- E3) + pE^ G j\ 

(i^4(-20))y = (i^4(-20))B3,P- = Spin(7) k ImO. 

(2) For Y' = P+ + q{E - E3) + pE^ G J\ 

(^4(-20))y' = ^i((^4(-20))e3,p- - Spin(7) x ImO. 

Proof. (1) Let g G (F4(_2o))s3,P-- Then gY = g{p- + q{E - E3) + 
pEs) = P~ + g(E — E3) + pi?3 = y. Therefore g G (-F4(-2o))y and so 

(-F4(-20))£;3,P- (-p4(-20))y- 

Conversely, take g G (-F4(-20))r- Then 99y(p)^^ = (p — Q')^-£'3 and 
tr((y9y(p)^^) = (p — g)^ 7^ 0. Therefore Ey^p G JT"^ is well-defined and 
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Ey,p = E3. By Proposition 0]^2), 51^3 = gEy^p = EgY,p = Ey^p = E^, 
and so gP- = g{Y-pE:,-q{E-E3))) = Y-pE,-q{E~E3) = P-. 
Therefore g e {F4^-20))e3,p- , and so (F4(_2o))y C (F4(-20))s3,p-- Hence 
(^4(-20))y = iF^_20))E3,p-, and (F4(_2o))y = Spin(7) k ImO follows 
from Proposition 15.61 (1) ■ 

(2) Obviously (F4(_20))y' = (i^4(-20))-y'. Put Z = p- - q{E - E^) - 
pE^. Because of ai{-Y') = P - q{E - E3) - pE^ = Z and (1), 

(-^4(-20))-y' = O"l(-^4(-20)) zO"l = cri((F4(_20))z) = ((F4(_20) )£;3,-P- ) • 

Therefore by Proposition ElKl), (-^4(-20))y' = cri((F4(_2o))£;3,p-) = 
(i^4(-20))£;3,p- = Spin(7) k ImO. □ 

Proposition 5.9. Let r G M. 

(1) ForY = P~ + rE e J\ 

(i"4(-20))y = (i"4(-20))p- = Spin(7) k (ImO x O). 

(2) ForY' = P+ + rE e J\ 

(i"4(-20))y' = ^i((i"4(-20))p-) = Spin(7) k (ImO x O). 

Proof. (1) Since the element E is invariant under the F4(„2o)-a'Ction, 
(^4(-20))y = (^4(-20))p-- Therefore by Proposition (521(2), (F4(„2o))y = 
Spin(7) X (ImO x O). 

(2) (F4(_2o))y' = (-F4(-20))-y' follows immediately. Put Z = P~ — 
tE. Because of cri{-Y') = P- - rE = Z and (1), (F4(_2o))-y' = 

5-l((i^4(-20))z) = Cri((i^4(-20))P-)- ThuS (F4(_20))y' = 5-i((F4(_20))p-) = 

(i^4(-20))p- = Spin(7) X (ImO x O) by Proposition ESK2). □ 

Proposition 5.10. Let Y = Q+(l) +rE e J'^ where r eR. Then 

(^4(-20))y = (^4(-20))q+(i) = ^2 X (ImO x ImO). 

Proof. Since the element E is invariant under the F4(_2o) -action, we get 
(-^4(-20))y = (-P4(-20))q+(i)- Hence the assertion follows from Proposi- 
tion EJ^S). □ 



Proof of Main Theorem 1. By Proposition ll.lOl a concrete classi- 
fication of F4(_2o)-orbits on J'^. By Propositions 13. 5[ I3.11( l)(2). 13.141 
15. 8[ 15. 9[ I5.1UI and II. 5[ we obtain the stabilizer groups of F4(_2o)-orbits 
on J^. □ 



Remark 5.11. Let F denotes a real division algebra M(real numbers), 
C(complex numbers), H (quaternions) or O(octonions). J. A. Wolf ( [l2l 
HI]) gave Heisenberg groups -ffp,g,F and Gp^q^Y- Then -^1,0,0 is equal to 
the group ImO x O and Gi,o,o is equal to the group Spin(7) x (ImO x O) . 
F.W. Keene showed MN+ = Gi,o,o in his thesis (cf. [I7|, [H]). In 
Propositions 15.61 and 15. 7[ it appears that the subgroup MN^ = 6*1,0,0 
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of -F4(-2o) is the stabilizer of the certain element P in the exceptional 
Jordan algebra J^. 

Part II: An application of the realization 
of the stabilizer groups. 



6. Preliminaries. 

Let G be a linear connected semisimple Lie group with its Lie al- 
gebra over M. Let 6' be a Cartan involution of g, g = t © p a Car- 
tan decomposition, a a maximal abelian subspace of p, m = Zt{a). 
a* denotes the dual space of a. For any element A G a*, let gA : = 
{X e g| [H,X] = X{H)X for all H e a}. X is called a root of (g, a) if 
A 7^ and gA ^ {0}. The set of roots of (g, a) is denoted by S. Then 
g = ci©m©^^g5^ gA follows. Let us denote by S+ a set of positive root 
of (g, o) with respect to the some ordering in o*, S~ := {— A| A G S^}, 
n"'" := J2xeT,+ and n~ := ^ags- 0a- Then n"^ and are nilpotent 
subalgebras, 6 xi^ = xv^ (resp), and g = n"©a©m©n"'' follow (cf. 

Ch V]). Suppose that there exists an involutive automorphism B 
on G such that the differential dQ = 6, and the center Z{G) of G is 
finite. Let us denote the subgroup K := G® of G. Then Lie{K) = t 
and K is connected, closed, and if is a maximal compact subgroup of 
G (cf. [151 Ch VI,Theorem 1.1]). Set A := exp a, M := Zxia) = {k e 
K\ kXk~^ = X for all X E a} and A^^ := expn^ (resp). Then the 
identity connected component M° of M is the analytic subgroup cor- 
responding to m, and OA^^ = A^^ (resp). Let us denote the normalizer 
of a of the group K as M* := NK{a) = {k e K\ kak~^ C a} and the 
finite factor group W := M*/M. For all w G VF, we fix a representative 
w G M*. Then the following decompositions: 

(1) G = Y[ MAN-^wN- (Bruhat decomposition), 

(1) ' G = MAN+N- (Gauss decomposition), 

(2) G = KAN~^ (Iwasawa decomposition). 

(cf. [I5],[I8], [26], [23]). In (1)', the set MAN+N- is open dense in G, 
and so almost any g E G can be expressed by 

9 = 'mG{g)aG{g)nG{g)nG{g) 

for some niG^g) G M, aG^g) G A, UG^g) G and UG^g) G A^^ 
with uniquely determined factors. In (2), any g E G can be uniquely 
expressed by 

g = H9){ewH{g))n{g) 
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for some k{g) G K, H{g) G a and n{g) ^ N. A signature of roots 
is defined by the mapping e of S to { — 1,1} such that e satisfies the 
conditions: 

(i) e(A) = e(-A) for all A G E, 

(ii) e(A + /i) = e{\)e{fi) if A, /i, A + /i G S 

j26t Definition 1.1]. For the Cartan involution 6 and any signature e of 
roots, an involutive automorphism 6^ of g is defined as 

(i) e,{X) ■= e{X)e{X) for all A G S and X G gx, 

(ii) e,{X) := ^(X) for all X G a © m 

[26| Definition 1.2]. is called the {6, e) — involution of g. Set 

:= {X G 0| e,X = X} and := {X G g| O.X = -X}. 

Then g = ©Pe- Let be the analytic subgroup of G with the Lie 

algebra t^. The subgroup of G is defined by 

:= (ir,)°M. 

In fact, since all elements of M normalize (K^)'^ by [261 Lemma 1.4(i)], 
is a subgroup of G. Let us denote 

M* := K, n M*, M/, := M;/M. 

Proposition 6.1. ([26l Proposition 1.10(Iwasawa decomposition with 
respect to in the sense of T. Oshima and J. Sekiguchi)]) Let the fac- 
tor set W^\W = {wi = l,W2, ■ ■ ■ ,Wr} where r = [W : PVe]- Fix repre- 
sentatives Wi = 1, W2, ■ ■ ■ ,Wr E M* = Kf^n M* for Wi = 1, W2, ■ ■ ■ , Wr- 
Then the decomposition 

G D Ul^^K,WiAN+ 

has the following properties. 

(1) If kwiOn = k'wjo'n' with k,k' G K^, a, a' G A and n,n' G , 
then k = k', i = j, a = a' and n = n' . 

(2) The map {k, a, n) (-)■ kwian defines an analytic diffeomorphism of 
the product manifold K^^A^ onto the open submanifold K^wiAN^ 
ofG {i = l,...r). 

(3) The suhmanifolds Ul^iKf^WiAN^ is open dense in G. 

Fa{-20) is a linear connected semisimple Lie group and 2'(F4(_2o)) = 
{1} (cf. Uni Theorem 2.14.1,Theorem 2.14.2]). We recall that the dif- 
ferential dai = o"i of the involutive automorphism ai on -F4(-20) is a 
Cartan involution by Lemma [4.2( 3). f4(-20) = €©p is a Cartan decom- 
position, and a is a maximal abelian subspace of p by Lemma (4.5^ 2). 
We note m = Zi{a), S = {±a,±2a}, = Q±a © g±2«, A = expa, 
N"^ = expn^, and ai{N^) = [resp). By Proposition I3.16r 2). 
K = (F4(„20))*' = Spin(9), and by Proposition M = ¥?o(Spin(7)). 



THE STABILIZER GROUPS OF ORBIT 



43 



So K and M are analytic subgroups of -F4(_2o) with their Lie algebras 
t and m, respectively. Let e be a signature of root defined by 

e(a) = e(-a) := -1, e(2a) = e(-2a) := 1. 

Let us denote the (ai, e)— involution by (o'l)^, and use same notations 
te, (K^)^, K^, M*, M*, W and corresponding to notations of general 
G, respectively. 

Lemma 6.2. The following assertion hold. 

(1) (ai). = ^2- 

(2) = (F4(_2o))£;,. 

(3) M* = MUfXiM. Especially, W = {M, ctiM} = Z2. 

(4) M* = MjJaiM. Especially, W, = {M^a^M} and [W : W,] = 1. 

Proof. (1) By Proposition 14.41 m C ^4, and so by Lemma 14.1( 1). 
a2{tAl{l) + D) = -tij(l) + D = (?i(ti^(l) + D) for all t G M 
and D E m. Thus the condition (ii) of (5"i)e follows. For all x G O 
and p G ImO, because of Lemma 14.1( 1) and direct calculation, we 
get a2Q±i{x) = -G,fi{x) = e{±a)aiQ±i{x) and a2^±2(p) = ^t2(p) = 
e{±2a)aiQ±2{2), respectively. Therefore o"20 = e(A)5"i0 for all A G S 
and (f) E Qx, and so the condition (i) of (cri)^ follows. Hence (1) follows. 

(2) By (1), K = {<pe f4(-20) I ^2</) = 0} = Lte{{F^^^20)f'). By Propo- 
sition [3lT6t^3), (-F4(_2o))£'2 is the analytic subgroup of -F4(_2o) with the 
Lie algebra t,. By Propositions |01 and EUSJ^S), M = B3 C {F^{-20))e2- 
Thus = {K,fM = {F^-20))e,M = {F^(.20))e,. Hence (2) follows. 

(3) Take ^ G M. By Lemma 10(1), aigA\{l)g-^ai = aii^(l) = 
Al{-1). Therefore aig G M* and aig ^ M, and so aiM C M* and 
M n aiM = 0. Therefore M U cxiM = M ]J aiM C M*. 

Conversely, take k G M*. Then kAl{l)k^^ = Al{t) for some t G 
M. We consider the equation kAl{l)k~^Ei = Al{t)Ei. By Proposi- 
tion [3Tl6]^2) and Lemma 13161 2). the right hand side is kAl{l)k~^Ei = 
kAl{l)Ei = -kF^il) and the left hand side is Al{t)Ei = -F^{t). Thus 
kFf{l) = F^{t). Then -2t'^ = {F^{t)\F^{t)) = {kFi{l)\kF^{l)) = 
(^31(1)1^31(1)) = -2. Thus t = ±1 and so kF^{l) = F^{±1). Now, if 
kF^{l) = F^{1) then put go = k e K = (F4(_2o))si, and if kF^{l) = 
Ff{-1) then put gQ = aik e K = {F^^20))ei- Therefore ^'0^3(1) = 
^3^(1), and so go G (-F4(-20)) £1,^1(1) = ^3 = M by Lemma 0^2) and 
Proposition 1131 It implies that k G MjJaiM. Thus M* C MjJaiM. 
Hence M* = M ]J ctiM follows. 

(4) Since o"ii?2 = E2 and (2), cti G (-F4(-20))b2 = -^e- Therefore 
ai G /sTe n M* = M*. Since (3) and M is a subgroup of M*, M* = 
M]]_(^iM C M* C M*. Hence (4) follows. □ 

Let us denote J\2; K) := {^i^i + ^2^2 + F^{x) | e M, x G K} 
where K = O or R. By direct calculation, we have: 
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Lemma 6.3. 

(1) = J\2; o) © © g+(o) © g^(o). 

(2) J\2; O) = R{-Ei + E2) © MP- © R{E - E3) © Fi{lmO). 

(3) J^i(2; R) = R{-Ei + E^) © MP" © R{E - E3). 

Lemma 6.4. 

(1) Assume that X e and (P"|X) ^ 0. Let 

Then 

(i) (p-Kx) = (p-|x), 

(ii) niX e J^i(2; O) © ME3 © g+(0), 

(iii) Im((niX)^i)=Im((X)^i). 

(2) Assume that X e ^^^(2; O) and {P'\X) ^ 0. Let 

/Im((X)^i)\ 

(p-jnaX) = (P-|X) and ngX G J^^(2;M). 

(3) Lei at = exp(ti^(l)) G A (t G M). T/ien /or all r,s,ue M, 

at(r(-Ei + E2) + sP- + u{E - E3)) 
=re~^\-Ei + E2) + (r sinh 2t + se^*)P" + - E3) 
Furthermore, atJ'^{2;R) C J^^(2;]R). Especially, 

a_i logsl-sP") = P" /or a// s > 0. 

(4) Let p G ImO and x,y E O. Then 

(i) ai{-E, + E2) = -Ei + E2, 

(ii) a^P- = 2{-E^ + E2)-P-, 

(iii) aiP3i(p) = -P3HP), (iv) (TiL; = E, (v) (T1E3 = ^3, 

^ (vi) aiQ+(x) = Q-(x), (vii) aiQ-(y)=g+(y). 

Proof. (1) At first, X can be expressed by 

X = r(-L;i + E2) + sP- + + vE:i + P3i(p) + g+(x) + Q-{y) 

for some r,s,u,v G M, p G ImO and x,y G O. By Lemma 11.41 
r = |(p-|X), i|/ = ■(p^jx){{X)fI ~ {^)f^)- III the equations of Propo- 
sition |1]T2]^2), we note tliat tlie equations (i) lias tlie terms of —E1 + E2 
and other equations have not the terms of —Ei + £"2, and the equations 
(i) and (vii) have the terms of Q^{-) and other equations have not the 
terms of Q~{-), moreover, the equations (v) and (vii) have the terms 
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of F^{-) and other equations have not the terms of F^{-). Therefore by 
Proposition 14. 12( 2) (i) and Lemma [1.4( i). 

iP-\n^X) = 2{n,X}-E,+E, = 2r = 2{X}^e,+e, = iP-\X). 

Hence (i) follows. At second, since Proposition 14.12( 2) and ni = 
exp Giily), 

{ni(r(-Ei + E2) + sP- +uE + vE^ + F^{p) + g+(x) + Q-{y))}Q- 
= {ni{r{-Ei + E2))}q- + {niQ'{y)}Q- + {ni{other terms)}Q- 
= -Q-{y) + Q-{y) + = 

Therefore {niXjg- = and so riiX e J\2; 0)©ME3©Q+(0). Hence 
(ii) follows. At last, by Proposition 14.12( 2) and Lemma [1.4( ii). 

lm{{niX)pi) = {niXji^pi 
= {ni{F.^{q) + Q'{y) + {other terms))}i^pi 
= {niFg (g)}i^^i + {niQ~ {y)}i^Fi + {ni{other terms))}i^Fi 

= g + 2Im + = g = {X},^pi = Im((X)pi). 

Hence (iii) follows. 

(2) By Lemma [6.3( 2). X can be expressed by 

X = r{-Ei + E2) + sP- + u{E - E-i) + Fl{p) 

for some r,s,u G M and p G ImO. By Lemma [1.4r i)(ii). r = |(P^|X) 
and ^p = jp^jj^lm{{X) pi) . Since 77,2 = exp^2(^p) and Proposi- 
tion SIl^l), 

n2X = r{{-E, + E2) - ^F^ip) + ^{p\p)P') + sP' + u{E - E,) 
+ {F,\p)-^ip\p)p-) 

= r{-Ei + E2) + {s- ^{p\p))P- + u{E - Es). 

Therefore by Lemma [1.4( i). 

{p-\n2X) = 2{n2X}^E,+E, = 2r = 2{X}^e,+e, = {P-\X). 

Moreover {n2X}j^pi = and so n2X G J'^{2;R). Hence (2) follows. 

(3) Since Lemma 13.7( 2) and direct calculation, 

r at{-E^ + E2) = e-2*(-Ei + E2) + sinh2tP-, 
\ atP' = e^'P-, at{E - E^) = E - E^. 

Hence (3) follows from Lemma [6.31 (3). 

(4) It follows from direct calculation. □ 
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7. The Bruhat and Gauss decomposition of -F4(_2o)- 

By Propositions [IIS];2) and[0(2), 

Arf(O) ^F4(-20)/iV+M 

so we consider y4A^~-orbits on A/]~(0) to give the Bruhat and Gauss 
decomposition. For all X G A/]~(0), let us denote 

a| :=exp(-ilog (^^^^) i^(l)) G A 

Lemma 7.1. 

(1) (:ri(2;0)©ME3©g+(0))nArf(0) = j7i(2;0)nA/;-(0). 

(2) J^i(2;M)nArf (O) = {r(-^i+^2-|P")| r > OjUlsP^I ^ > 0}. 

Proof. (1) Obviously, ^^(2; 0)nA/;- (O) C ( ^^(2; 0)©ME3©Q+(0))n 
A/f (O). Take X e ( ^^2; O) © RE3 © Q+(0)) n A/f (O). Then X can 
be expressed by 

X = ^lE, + i^E^ + esi^s + (?/) + Q^{^) 
for some G M and x,y E O. Since X G A/']~(0) and Lemma [1.3( 2). 

(1) ii = {x\E,)<Q, (ii) o = tr(x) = ei + e2 + e3, 

(iii) = (Xx2)^^=e2e3-(x|a;), 

(iv) o = (xx2)^^ = e3ei + (x|x). 

By (iii) + (iv), ^3(^1 +6) = 0. By (ii), (ei+6)+e3 = ande3(ei+6) = 
0. Therefore ^3 = and ^1+6 = 0. By (iv), = (Xi x Xi)e^ = {x\x) iff 
x = 0. Therefore X = ^1^1 + 6^2 + 6^3 + ^3 (l/) G J^H2; 0)nAAf (O), 
and so (J^i(2; 0)©ME3©Q+(0))nArf (O) C J^{2; 0)nA^f (O). Hence 
(Ji(2; O) © RE3 © Q+(0)) n A/;-(0) = Ji(2; O) H A^f (O). 

(2) Put P = {ri-Ei + E2-lP ) I r > 0} U{sP" | s > 0}. Forr > 
and s > 0, r{-Ei + E2 - \P-), sP- G J^{2] M) n U{{0) follow from 
direct calculations. Therefore V C ^7^(2; R) flA/f (O). Conversely, take 
X G J'^(2;M) nA/f (O). By Lemma QS), 

X = r{-Ei + ^2) + sP- + m(E - E3) 

for some r,s,u E M. Since X G A/f (O), 

(i) -(r + s) = (X|Ei) < 0, (ii) = tr(X) = 2u, 
(iii) = (XX2)^^ = -r2 -2rs + M2. 

By (ii), M = and so by (iii), s = — | or r = 0. 

Case s = -|. Then X = r{-Ei + E2 - |P~), and r > by (i). 
Case r = 0. Then X = sP~, and so s > by (i). 
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Therefore X G P and so J\2;R) nAf^{0) C V. Hence ^^^(2;^) n 
ATf (O) =V. □ 

Lemma 7.2. let X G A/f (O) where {P-\(7iX) ^ 0. 

(1) The element fix G X"*" is well-defined. 

(2) (P~|(TiX) > 0. Especially, the element & A is well-defined. 

(3) a^n^X = P-. Especially, X G OrbAN-{P~)- 

Proof. (1) It follows from {P~\aiX) 0. 

(2) (3) By Proposition 0]^2), recall that F4(_2o) acts on A^f (O). Put 

ni = exp^i f (p-ia,x) ) ^ By Lemma mi. 

(i) (p-|niaiX) = (P-|aiX), 

(ii) niaiX G J^i(2;0) ©ME3©Q+(0), 

(iii) lm{{niaiX)pi) = Im((o-iX)^i). 

Since n^aiX G A/f (O) and (ii), uiaiX G {J\2;0)®REs®Q^{0))n 
A/i~(0). Applying Lemma ITU 1). 

niaiX G J^(2;0) nA/"!- (O). 

/lm((niaiX) i)\ 

Put Ti2 — Gxp ^2 I CP- In o- X? I G -X • Usiug Lemma 16.41 (2) and 



(p-|ni<7iX) 

n2niaiX G A/f (O), 

na^iCTiX G J^(2;M) n ATf (O), 

and then (P~|n2TiicriX) = {P^\niaiX) = (P^laiX). Therefore by 
Lemma 17. 1( 2). 

n2niaiX G {r(-Ei + ^2 - ^P-)\ r > 0} ]J{sP-| s > 0}. 

Now {P-\ - El + E2 - |P~) = 2 and (P^jsP") = 0. Thus since 
{P~\n2niaiX) = {P~\aiX) ^ 0, we obtain n2niaiX G {r(— Pi + P2 — 
ip~)| r > 0}. Then n2niaiX can be expressed by 

n2niaiX = r{—Ei + E2 P~) for some r > 0. 

2 



Therefore 

(p-|(TiX) = (p-|n2nioriX) = (P-|r(-Pi + P2 - ^P')) = 2r > 0, 



Im((aiX)^i) 



and so (2) follows. Now by (i) and (iii), n2 = exp ^2 1 {p-\aiX) 
and so by Lemma [4.6( 3) (1). we see that ain2niai = nf^ G . Then 
n^X = ain2niaiX = a^ri-E^ + E2 - ^P") = ^P" = l^L^l^p- 

by Lemma [6.4^ 4). Therefore by Lemmas 16.4( 3). a^n^X = P~. Hence 
(3) follows. □ 



48 AKIHIRO NISHIO 

Lemma 7.3. 

(1) Assume that X e Af^iO) and (P"|X) = 0. Then 

X = -{X\Ei)P~ and {X\Ei) < 0. 

(2) Assume that X G A/f (O) and {p-\aiX) = 0. Then 

(i) X = -{X\Ei)aiP- and {X\Ei) < 0, 

(ii) N' C (F4(_20))X, 

(iii) exp Qlog(-(X|i5;i)^ ^3(1))^ = ^iP~, 

(iv) X e Or6^(aiP-) = OrbAN-{(^iP')- 

Proof. (1) By Lemma [Hi), {X}^e,+E2 = 0. 

(Step 1) We will show {X}p- ^ 0. Suppose that {X}p~ = 0. Then 
X can be expressed by 

X = uE + vE3 + F^ip) + Q+{x) + Q~{y) 

for some m, t> G M, p G ImO and x,y E O. Since X G A/]~(0), 

(i) u = (X|Ei) < 0, (ii) = (XX2)^^ = «2 ^ (pIp). 

By (ii), u = 0, and so it contradicts with (i). Therefore {X}p~ ^ 0. 

(Step 2) We will show {X}e = {X}e3 = {Xj^^pi = 0. X can be 
expressed by 

X = sP-+uE + VE3 + F^{p) + g+(x) + Q-iy) 

for some (0 7^)5 E M, u,v G M, p G ImO and G O. Since X G 

M-(o), 

(i) = {X''^)e, =u^ + {p\p), (ii) = tr(X) = 3u + v. 

By (i), M = p = 0, and so f = by (ii). 

(Step 3) We will show X = sP^ for some s > 0. By (Step 1) and 
(Step 2), X can be expressed by 

X = sP- + g+(x) + Q-{y) = sP~ + Fl{z) + Fl{w) 

for some (0 ^)s G M and G O. Since X G U{{0), = (X^^)^^ ^ 
— {z\z) and = {X^'^)e2 = {w\w). Therefore z = w = 0, so that X = 
sP-. Then s = -{X\Ei), and because of X G A/r(0), {X\Ei) < 0. 
Hence (1) follows. 

(2) At first, cTiP- G Or6ir^(_2^^(P-) = A/'r(0). Thus by (1), a^X = 
-{aiX\Ei)p- and {aiX\Ei) < 0. Now (aiX|Ei) = (X|criEi) = {X\Ei). 
Therefore X = -(X|Ei)aiP-, and (X|Ei) < 0. Hence (i) follows. At 
second, by Proposition l5.7t 2). X"*" C (P4(-20))p-- Thus by Lemma lT6] (3) 
and (i), we have 

X- = ai(X+) C ^l((P4(-20))p-) = (P4(-20))aiP- = (P4(-20))x. 



THE STABILIZER GROUPS OF ORBIT 49 

Hence (ii) follows. At third, put at = exp (tAKl)) G A with t = 
ilog(-(X|Ei)). Using (i) and LemmaEl4)(3), 

atX = -{X\E,)ata^p- = -{X\E^)at{2{-E, + E^) - P') 
= -{X\E{)e-^\2{-E, + E^) - p-) 
= 2{-Ei + E2)-P- = aiP-. 

Hence (iii) follows. At last, by (iii), X G OrbA{o'iP^) and so by (ii), 
X G OrbA{(riP-) = OrhAN-ioiP )■ Hence (iv) follows. □ 

By Lemmas 17.21 (3) and 17.31 (2) . we have: 

Corollary 7.4. M{{0) = OrbAN-{P~)UOrbAN-{(^iP~)- 

Lemma 7.5. Let m e M, at = exp{tAl{l)) e A {t e R), n e , 
n G A^~, a; G O and p G ImO. 

(1) (i) matnP~ = e^*P", (ii) {matnY^ P^ = e"^*P^. 

(2) atexp{g,{x) + gi{p))ai^ = exp{t{g,{x) + 2g,{p))). 

(3) criexp^i(a;)exp^2(p)o-i-P" 

= 2((x|x)2 + 4{p\p)){-Ei + E2) - {{x\xf + A{j>\p) - 1)P- 
-2(x|x)(E - 3E3) + 4^31(^9) - 2g+(x) + 2Q-{{x\x)x + 2px). 

Proof. (1) It follows from Proposition 15.71 (2) . Lemma [6.4( 3) and direct 
calculation. 

(2) By LemmaHl), atexp{g^{x)+gi{p))aT' = exp{t{[Al{l),gi{x)] 
+ [ii(l), g^ip)])) = exp(t(^i(x) + 2^2(P))). 

(3) It follows from Proposition 15.7( 2). Lemma [6.4( 4). and Proposi- 
tion |1]T2](1) (2) and direct calculation. □ 

Proof of Main Theorem 2. (1) We consider the element 

g-'p- eOrbF^^_^,^^{p-)=Af,-iO). 

Since P+ = -aiP-, {P-\aig-^P-) = {gaiP-\p-) = -{gP+\p-) ^ 0. 
Applying Lemma [7. 2[ 

{p-\aig-^p-)>{} and a^.,p.ri^.,p.g-^p- = p- . 

Now since {P^\aig^^P^) = —{gP^\P^), we observe adg) = oP-ip- 
and nc{g) = ft^-ip-. Thus it follows that 

{gP+\p-)<Q and aG{g)nG{g)g-^ ^ {F^i^-2o))p-. 
Hence (i) follows. Put g^ = aG{g)nG{g)g^^- By Proposition 15.7( 1). 

tpsigo) e M and go = exp (^1(^^1(5(0)) + ^2(V^2(fl'o)))V'3(fl'o)- 
Then we see that mG^g) = 'ip3{go)^^ ^ M, and so 

aG{g)nG{.g)g~^ = expigiiipiigo)) + ^2(V^2(fi'o)))"^G(fi')"^- 
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Therefore we obtain 

9 = maig) expi-Giiipiigo)) - ^2(V'2(fi'o)))aG(fi')^G(fi')- 
Next by Lemma [7.5( 2). we observe that 

exp(- ^1(^1(5(0)) - Q2iip2igo)))aGig) = aGig)nGiG). 
Therefore we have 

9 = mG{g)aG{g)nG{g)nGig). 

Hence (ii) follows. 

(2) By Proposition raal. we note MAN+aiN- = MAN+afNai = 
MAN~^ai. Similarly to (1), we consider the element g~^P'^ G N'i{0). 
Then {g-^p-\Ei) = {gEi\p-) ^ 0. Applying Lemma Ol2), 

{g-'p-\E,)<0 and exp (^^\og{-{g-'p-\E^)^ Al{l))X = a,p- . 

Since {g-'P-\E,) = {gE^\P-), exp{\\og{-{g-^P-\E^))A\{l)) = a\g). 
Therefore 

{gEi\P') < and aia\g)g-^p- = P~. 
Hence (i) follows. Put gi = aia'{g)g^^. By Proposition 15. 71 (1). 

^slfi-i) e M and gi = exp (^1(^^1(5(1)) + ^2(V^2(5'i)))V'3(fl'i)- 
Then we see that m'{g) = ipsidi)^^ & M, and so 

(^ia\g)g'^ = exp(^i(V'i(5(i)) + g2{'ip2igi)))m'{g)-'^. 
Therefore we obtain 

9 = m'{g) exp( -^1(^1(^1)) - ^2(^2(^i)))f7ia'(^)^^- 
Since aia'{gy^ = ai{a'{gy^)(Ti = a'{g)ai, 

9 = m'{g) exp(-^i(V^i(^i)) - ^2(^2(^i)))a'(^)f7i- 
Next by Lemma [7.5( 2). we observe that 

exp{-gi{ipi{gi)) - ^2(V^2(^i)))a'(^) = a'{g)n{g). 
Therefore we have 

9 = m {g)a' {g)n\g)ai. 

Hence (ii) follows. 

(3) Denote Si = {g e F4(_2o) | {gP^W^ ^ 0} and ^2 = G 
F4(_20) I {9P^\P-) = 0}. Then F4(_2o) = IJ'52, and by (l)(i), 

Si = {9eF,(^^,o)\{9P^\P-)<0}. 

And then the identity element 1 G 5*1 and cti G S2, and so Si 7^ 0. 

(Step 1) We will show MAN+N' = Si. Let g G Si. By (l)(i), 
g G MAN-^N', and so Si C MAN+N'. Conversely, let matun G 
MAN+N~ where m e M, at = exp(ti^(l)) E A {t E R), n E N+ 
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and n & N . By Lemma [4.6( 3). n = aifiQai for some no G A^"*". Since 
P'^ = —aiP^, Lemma [7.5( 1) and direct calculation, 

{matnfiP^\P~) = —{ainQP^\{'matn)^^P^) 

= e-^\P+\p-) = -4e"2* ^ 0. 

Thus matnn G Si, and so MAN+N- C Si. Hence Si = MAN+N-. 

(Step 2) We will show MAN+ai = S2. Let g G S2. By (2)(ii), g G 
MAN+ai, and so 5*2 C MAA^+cti. Conversely, let manai G MAN+ai 
where m G M, at = exp(tAl{l)) with t G M and n G A^"*". Since 
P"*" = —aiP~ and Lemma [7.5r i). 

(mair2(TiP+|P") = -(matnP-|p-) = -e2*(p-|p-) = 0. 

Thus g e S2, and so MAN+ai C ^2. Therefore ^2 = MAN+ai = 
MAN+aiN-. Hence (3) follows. 

(4) We consider the function / on P4(_2o): fi.9) = (fi'-P^I-P )• Since 
MAN+aiN- = {g e P4(-20) I fig) = 0}, MAN+aiN~ is a close set. 
We will show MAN'^aiN" has no interior points. Suppose that there 
exists an open set U of P4(_2o) such that U C MAN~^aiN~. By (ii), 
f{g) = for all g E U. Now P4(_2o) is a real analytic manifold, / 
is a real analytic function on P4(_2o)) and P4(— 20) is connected (cf. 
Uni Theorem 2.14.1]). Therefore f {g) = for all g G P4(-20). It 
contradicts with {g G P4(-20) I f{g) ^ 0} = MAN+N- 7^ by (i). 
Therefore MAN~^aiN~ has no interior points. Therefore MAN~^N~ = 
[MAN+aiN-y is open dense in P4(_2o)- □ 

Let us define the equivalence relation ~ on Af-^{0) as 

dcf 

X ~ y ^ Y = rX for some r > 
for X,Y E Afi{0), and denote the quotient set: 

^:=Arr(o)/~. 

The equivalence class of X G A/f (O) is denoted by [X]. Then we can 
observe that P4(_2o) acts on : 

g[X] := [gX] for g G P4(-20) and X G A^f (O). 

For [X] G J-", let us denote the stabilizer of [X] as 

Stabp,^_,,^i[X]) := {g G P4(-20) I 9[X] = [X]}. 

Theorem 7.6. 

(1) Stabp,^_,,^{[P-]) = MAN+. 

(2) P4(-20)/(MAX+)^J-. 

Proof. (1) Let g = matu^ G MAN^ where m e M, at = exp(tA^(l)) 
with t G M and n+ G X+. By Lemma [731^1). 

[c,p-] = [matn+p-] = [e^^p-] = [p-]. 
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Therefore g G StabF^^_2o^i[P~]), and so MAN+ C StabF^^_^^^i[P-]). 
Conversely, take g G Stabp^^_^g^{[P~]). By Main Theorem [21 

(i) g G MAA^+AT- or (ii) g G MAA^+ai. 

Case (i). By Lemma [4.6( 3). g can be expressed by 

g = matnai exp Giix) exp ^2(p)o'i 

for some x G O, J9 G ImO, m G M, = exp(tA3(l)) with t G M and 
n G A^"*". By Lemma [7.5^ 3). 

cTi exp Qi{x) exp Q2{p)criP~ 
= 2{{x\xf + 4{p\p)){-Ei + E2) - + 4(p|p) - 1)P- 

-2{x\x){E - 3E3) + 4:F^{p) - 2Q+{x) + 2Q-{{x\x)x + 2px). 

Therefore since gP~ = sP~ for some s>0, x = p = and so g = 
matn G MAN^. 

Case (ii). g can be expressed hy g = matnai where m G M, = 
exp(tyl3(l)) with t G M and n G A^^. Since gP~ = sP~ for some s > 0, 
Lemma [7.5r i) and direct calculation, 

= s{p-\P~) = {gP-\p-) = {criP~\{matn)-^p-) 

= e-^\aiP-\p-) = 4e-^* ^ 0. 

Therefore it is a contradiction and so g ^ MAN~^ai. 

Consequently, g G MAN^ and so StabF^^_2„^{[P']) C Mv4A^+. Hence 
StabF,^_,,^{[p-]) = MAm. 

(2) It follows from Proposition 11.8( 2) and (1). □ 

8. The Iwasawa decomposition of F4(_2o)- 
By Propositions [L6];2) and^JQl2), 

H{0) ~ F4(_20)/i^ 

We consider AA^^-orbits on ?/(0) to give the Iwasawa decomposition. 
Lemma 8.1. For all X G 'H(O), (P"|X) < 0. 

Proof. By Proposition II .61 (2) . X G OrbF^^_20){Ei), and so X can be ex- 
pressed by X = gEi for some g G -F4(-20)- Then {P~\X) = {g~^P~\Ei). 
Because of g-^P- G A/r(0), (P-|X) < 0. □ 

For all X G H(0), let us define 

ax := exp(l log(-(p-|X))ii(l)) G A, 

:= exp(^, (p-,^) j + J ^ " ^ ' 
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Then by Lemma 18.11 the elements ax & A and nx G A^^ are well- 
defined, respectively. 

Lemma 8.2. 

(1) {J\2; O) © REs © Q+(0)) n n{0) = J\2; O) H H(0). 

(2) J\2; M) n H(0) = {- (s + ^s^ + i) (-El + E2) + sP+ i(E - 
E3) I s G M}. 

Proof. (1) Obviously, J^i(2; O) n7^(0) C ( ^^(2; O) ©RE3 ©Q+(0)) n 
?^(0). Conversely, take X G (^^^(2; O) ©M£;3©g+(0)) n?/(0). Then 
X can be expressed by 

X = ^lE, + i^E^ + i;E^ + Fl{x) + ^^^(x) + Fl{y) 

for some G M and x, ?/ G O. Since X G 'H(O) and Lemma [1.3( 2). 

(i) i, = {X\E,)>l, (ii) l = tr(X) = ei + 6 + e3, 

(iii) 0=(Xx2)s^=e2e3-(x|x), 

(iv) Q={X^^)E^=i,i, + {x\x), 

(v) o = (xx2)^3 = ei6 + (y|y). 

By (iii) + (iv), 6(^1+6) = 0. Because of ^3(^1 + 6) = and (6+6) + 
6 = 1, (6 + 6,6) = (1,0) or (0, 1). If 6 = 1 then 1 < 6 = -{x\x) < 
by (i) and (iv). Therefore 6 1, ^-nd so (6 +6,6) = (1,0)- Then 
by (iii), {x\x) = 0, iff x = 0. Therefore X = 6^1 + 6^2 + F^iv), and 

so X G j\2- o) n nio). Thus {j\2- o) © RE3 © Q+(0)) n nio) c 

Ji(2; O) n niO). Hence ( 1) follo ws. 

(2) Put V = {-(^s + + (-El + E2) + sP- + i(E - E3) I sG 

M}. For all X G P, X G ^^^(2; M)n?/(0) follows from direct calculation, 
so that V C j\2;R)n'HiO). Conversely, take X G ^^^(2; M) n ?/(0). 
By Lemma [^751 3). X can be expressed by 

X = r(-Ei + E2) + sP- + t{E - P3) 

for some r,s,t & R. Since X G 'H(O), 

(i) - r - s + 1 = (X|Ei) > 1, (ii) 1 = tr(X) = 2t, 
(iii) = (XX2)^^ = t2 _ ^2 _ 2^s. 

By (ii), t = i so that by (iii), Ar"^ + 8rs — 1 = 0. Therefore r = 
—s ± \J s"^ + \. Because of (i) and t = |, r + s < —\. Therefore r = 
—s — y^s^ _)_ 1^ ancl so 

X = - + ^s^ + ij (-El + E2) + sP- + ^(E - E3) G P. 
Thus J^{2- M) n H(0) C V. Hence ^^2; K) n H{0) =V. □ 
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Lemma 8.3. Assume X G 'H(O), then axnxX = Ei. Especially 
V.{0) = OrhAN+{E^). 



Proof. Put ni = exp^i I — ' \ E iV+. By Lemma E3K1), 

(i) iP-\n,X) = iP-\X)^0, 

(ii) n^X eJH2;0)®RE^®Q+iO), 

(iii) Im(KX)^i) = Im((X)^.). 

Because of n^X e 7/(0), uiX e {J\2; O) © ME3 © Q+(0)) n 'H(O). 
Applying Lemma [8.2( 1). 

niX G j\2;0)nH{0). 

/lm((niX)^i)\ 

Put = exp^2 I (p-\niX) ] ^ -^^^ Then by (i) and (iii), we get 

/lm((X)^i)\ 

n2 = exp^2 I {p-\x) ] ' Lemma H^ l). n2ni = nx E N'^ . 

Using Lemma 16^ 2). nxX G 'H(O) and (ii), 

nxX e j\2;R)nH{0) and {p-\nxX) = {p-\X). 
Applying Lemma [8.2( 2). 



rixX = -\^s+^s^ + ^j {-E, + E2) + sP- + ^{E - E3) 

for some s G M. Put c = (P"|X). Then ax = exp(| log(-c)i^(l)). 
Because of {P~\nxX) = {P^\X) and Lemma [T^ i) . 



c = {P-\nxX) = 2{nxX}.E,+E, = -2 { s + \l + ^ 

and so + Acs — 1=0. Therefore because of Lemma [6.41 (3) . 
a^nxX = + ^2) + (^ sinh(log(-c)) + se'°s(-^))p- 

+ ^(i?-i?3) 

= ~{-E, + E2) - ^(c' + Acs - 1)P- + ^(E - E,) = E^. 
Hence the assertion follows. □ 



Proof of Main Theorem 3. We consider the element g ^Ei G T-L{0). 
By Lemma [8.11 {gP^\Ei) = {P~\g~^Ei) < and we observe that 

ag~^E^ = ewH{g) and ng-iE^=n{g). 

Now by Lemma [8731 ag-iEi^g-iEig'^Ei = Ei, and so 

{eicp Hig))n{g)g-'E^ = E,. 
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Because of K = {F4^i^^2o))ei, it implies that 

{expH{g))n{g)g-' G (F4(_20))£;i = ^• 
Thus because of k{g) = {{exp H{g))n{g)g^^)^^ , we obtain 

k{g)eK and g = k{g){{exp H{g))n{g) e KAN+ . 
Hence (2) follows. □ 



Lemma 8.4. Letn = exp(^_2(p)+^-i(2;)) £ N andat = exp(ty43(l)) 
where p G ImO, x G O and t G M. 

(1) H{atn) = \ log(e-2*((e2* + {x\x)f + A{p\p)))A\{l). 

(2) H{n) = \ log((l + {x\x)f + A{p\p))A\{l). 

Proof. (1) By Lemma H^ 3). n = (Xi exp ^2(p) exp ^i(x)cri, so that 

{atnP^\Ei) = {expQi{x)aiP'\expg2{-p)<yici'~tEi). 
Since Lemma [6.4^ 4). Proposition I4.12t 2) and direct calculation, 
expgi{x)aiP- = 2{-Ei + E2) + {{x\xf - l)p- - 2{x\x){E - 3E3) 
-2{x\x)Q^{x)-2Q-{x). 

Since = -^((-^i + ^2) - - ^3)), Lemma El3)(4), Proposi- 
tion |1]T2]^1) and direct calculation, 

expe?2(-p)aia_iEi = -i(e-2*(_E, + e^) + (2e"'*(p|p) + sinh(2t))p- 

-(E-E3)-2e-^*F3i(p)). 

Since (-E1 + E2I-E1 + E2) = (-^i + ^2|i^") = (P- 1 -^1 + ^2) = 2, 
(Mi£'+fii?3|M2-E'+W2-E3) = 'iuiU2+uiV2+U2Vi+viV2 and (Pf^(x)|-£^i + 
£;2) = {Pt2{x)\P-) = {P^%{x)\E) = {P,%{x)\Es) = {Pt2{x)\FHp)) = 0, 

{atnP'\Ei) = -e-^\{x\xY + 2e^\x\x) + e^* + 4(p|p)) 

= -e-2*((e2* + (x|x))2 + 4(p|p)). 

Therefore (1) follows from the definition of H, and (2) follows from (1) 
and t = 0. □ 



Let a* be the dual of a and the complexification of a*. We recall 
a G a* C Oc satisfies [H, ^i(x)] = a{H)gi{x) for if G a and a{Al{l)) = 
1. For A G a*, let us define the element Hx e a as B{Hx,H) = X{H) 
for all H E a, and define the bilinear form < -, ■ > on by setting < 
Ai, A2 >= B{H\^, H\^) and extending it to the whole of by linearity. 
For any A G a^, A^ G C is defined by 
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Because of dim = dim a = 1, A = ^XaCt- Put := dim Qa and 
:= dim g2a- By Lemma 14.51 (1). nia = dim O = 8 and = 
dim (ImO) = 7. Moreover, let us define p G as 

p := ^((dim 0„)a + (dim 02a)2a) = ^{nia + 2m2a)a. 

Let A G a^. Let us consider the spherical function ip\ on F^_2o) and 
the c-fiction of Harish- Chandra on a^. By [12] (cf. [271 Lemma 4.9]), 
is given by 

(8.1) Mg) ■= I e(^-'')(^(^'=»rfA; = / e^^'^^^^^^^^^e-^^+^'^^^^^^cin 

J K J N- 

for (jf G -F4(-20)) and by [12], the function c is given by 

(8.2) c(A) := / e-^^+'^^^^^^^cin. 

Here the measure dk on compact group is normahzed such that the 
total measure is 1, and the Haar measures of nilpotent groups and 
N~ are normalized such that 

di{dn) = dn and I e-^^^^^^^c/n = 1. 

J N- 

Proposition 8.5. Assume A G a^, 

a = ^(m„ + 2m2a + A^,), b = ^(m„ + 2m2a - A«), 
and at = exp{tA3{l)) witht G M. T/ien there exists the constant Cq G M 

(i)c(A) = Co /" {{l + {x\x)f + A{p\p))-''dxdp, 

(ii)y.,(a,) = Co f e''\{e'' + {x\x)r + Aiplp))-" . 

((1 + {x\x)y + A{p\p)ydxdp 
where the measure dx and dp are the Euclidean measure. 

Proof, (i) follows from ( 18. 2p and Lemma [8.4( 2). and (ii) follows from 
dHU) and Lemma [H3^1). □ 

Corollary 8.6. ([T2]) e'^''^ipx{at) c(A) {t +oo). 

Proof By Proposition [H31 e^^^^xiat) = Cq f^^^^^„,^^{{l+e-'^\x\x)y + 
4:e-^\p\p))-\{l + (x|x))2 + 4:{p\p))-''dxdp -> c(A) (t ^ +cx)). □ 

Let us denote Q{(p) := — < a,a > 5(0, ai0) for G f4(-20)- Since 
Lemma [4.2( 2) and direct calculation, we have: 

Proposition 8.7. Assume A G a^, p G ImO and x G O. T/ien 
Q(e?-i(x)) = 2{x\x) and Q{g-2{p)) = 2{p\p). 
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Corollary 8.8. ([H], [31], cf. [251 Lemma 4.12]) Assume X G Then 
^MHioMx+Y))) ^ ((1+ lg(x))2+2g(F))^ for X e fl_, and Y G s_2„. 
Proof. It follows from Proposition 18.71 and Lemma 18.4( 2). □ 

Remark 8.9. ([H], [S], cf. [2H], [30]) By Lemma |H3];i)(i), changing 
variables to polar coordinates, up to the constant multiple, c(A) is equal 
to 

POO POO 

oo />oo |'^_.^m2a-l -f-rria-l 

'^'^^ -dsdt 



io (1 + (^)2)i(A.+™.+2m2<,) (l+^2)i(A.- 



-ma)+l 



-du ■ / r- -dt 



By using the integral formula (1+^1)6+1 dx = \ 

(Re(c) > 0; Re(6) > —1; Re(6) > Re((a — c+a)/c)), up to the constant 
multiple, this integral is equal to 

r(^) 



p/ Ac+mg, \ p/A 



This calculation implies the Gindikin and Karpelevich formula of -F4(_20) 
which is known [5] (cf. [281 (4.3)], [I^). 

Remark 8.10. Note that the Iwasawa decomposition of -F4(-2o) was 
studied by R. Takahashi [331 Theorem 1] . Main Theorem [3] gives ex- 
plicit formulas of H{g) and n{g). 

9. The Iwasawa decomposition with respect to K^. 
By Proposition 11.61 (3). Lemma [6.2r 2) and Proposition 13. 16^ 3) . 

?/'(O)~i^4(-20)/i^. 

so we consider AA^^-orbits on 'H'(O) to give the Iwasawa decomposition 
with respect to K^. Let us denote the domains D^^ and of J'^ as 

D,:={x en'io) I (P-|X)^0}, 

D+ := {X G n'{0) I {P'\X) > 0}. 
For all X G 'H'(O), let us denote 

:=exp(ilog((PlX))iKl))e A 



(X)^x-(X)^A /Im((X)^.)\ 
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If X G -De then the element n\ G A^"*" is well-defined, and if X G -D^ C 
then the element a^^^ G A is well-defined. 

Lemma 9.1. 

(1) {j\2- o) © © Q+(0)) n = j\2- o) n V,. 

(2) J\2- M) n •H'(O) = {(-s + ^s^ + i) (-^1 + E2) + sP + - 
E3) I s G R}. 

Proo/. (1) Obviously j7H2;0)nP, C (J^i(2; O) ©MP3 ©Q+(0)) HP,. 
Conversely, take X G (^^(2; O) ©Q+(0)) nP,. Then X can be 

expressed by 

X = iiE^ + i2E2 + esi^s + i^i'(x) + Fl{x) + Fgi^/) 

with G M and x,?/ G O. Since X G 'H'(O) and Lemma [1.3^ 2). 

(i) ^1 = (X|Ei) < 0, (ii) 1 = tr(X) = ^1 + 6 + 6, 

(iii) = (X^2)^^ ^ ^^^^ _ (^1^)^ (i^) Q ^ (^X2)^^ ^ ^^^^ ^ (^1^^^ 

(v) = {X^^)e, = 66 + d/b), (vi) = (Xx2)^i = (x|x) - 6l/. 

By (iii) + (iv), 6(6 + 6) = 0. Because of 6(6 + 6) = and (6 + 
6) +6 = 1, (6 + 6, 6) = (1, 0) or (0, 1). Suppose that (6 + 6, 6) = 
(0, 1). Then by (iii), (iv) and (vi), X = {x\x)P^ + £'3 + Q^{x) and so 
(P-|X) = 0. It contradicts with X G V^. Therefore (6+6, 6) = (1, 0). 
Then by (iv), {x\x) = iff x = 0. Thus X = 6^1 + 6^2 + ^3(1/), and 
so X G J\2; O) n V,. Therefore {J^{2; O) © ME3 © Q+(0)) H C 
J^{2- O) n V^. Hence (1) follows . 

(2) Put P = { [--s + + i) (-El + E2) + sP~ + \{E~ E3) I sG 

M}. For all X G P, by direct calculation, X e J^{2;R)nn'iO), and so 
V C J\2; R) n ?{'(0). Conversely, take X G ^^^(2; M) n 'H'(O). Then 
by Lemma 1613^ 3). X can be expressed by 

X = r(-Ei + E2) + sP' + t{E - E3) 

with r, s, t G M. Because of X G H'(0), 

(i) -r-s+t < 0, (ii) 1 = tr(X) = 2t, (iii) = (X^^)s3 = t^-r^-2rs. 
By (ii), t = I and so by (iii), 4r^ + 8rs —1=0. Therefore r = — s ± 

\J s"^ + \. Because of (i) and t = |, t + s > |, so that r = —s + ^s'^ + \. 
Thus 

X = ^-s + + (-El + E2) + sP- + ^(P - P3) G P. 
Therefore J^{2- M) n 'H'(O) C V. Hence ^^^2; K) n H\0) =V. □ 
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Lemma 9.2. 

(1) For all X eV„ X e V+ and a'^n^X = E2. 

(2) V, = Dt = OrbAN+m. 



Prooj. (1) Put ni = exp^i — ip-\x\ ^ ■ Lemma lOfl) 



(P-|X) 

(i) (P-|r2iX) = {P'\X) ^ 0, (ii) n^X G J(2; O) © ME3 © g+(0), 
(iii) Im((niX)^i) = Im((X)^i). 

Since (i), (ii) and n^X e H\0), n^X e (J^(2; O) ©RE3©g+(0)) nP,. 
Applying Lemma I^TTT l). we get 

riiX G J{2] O) n P,. 

/lm((niX)^i)\ /lm((X)^i)\ 

Put n2 = exp^2 ( {p-\mx) I = exp^2 ( ^p-|y? ) G • And we 



see that n2ni = rf-^ G A^^ by Lemma [4.6( 1). Applying Lemma [6.4( 2). 

n'xX e J^{2-M)r}H\0) and (P~|n3^X) = (p-|X). 
Using Lemma [9.1( 2). 



for some s G M. Put c = (P^|X). Then because of {P~\rfxX) 
(P-|X) and Lemma (Hl^i), 



c = (P-|n3,X) = 2{n3,X}_£;,+s, = 2 I -s + + i j > 

and so + 4cs — 1 = 0. Therefore (P^|X) > follows, and so a\ is 
well-defined. Now a'^x = exp(|(log 0)^43(1)). Thus since Lemma 16^ 3) 
and direct calculation, 

a^n^X = |e-i°s^(-Ei + E^) + (|sinh(logc) + se'°s'=)p- + 

= + E2) + ^(c^ + Acs - 1)P- + ^(E - E3) = ^2- 

Hence (1) follows. 

(2) It follows that C C P+ from (1). Hence (2) follows. □ 



Proof of Main Theorem 4. (1) Let g E V. Because of 'H'(O) = 
OrbF^_2o)iE2), we consider the element g^^E2 G 'H'(O). Because of 
(P-|^-^E2) = igP~\E2) > 0, g-^E2 G V+ and we see that 

«3-ii?2 = exp//e(^) and nl^i^^ = n,{g). 

Applying Lemma [9.2^ 2). 

^l-^E2^l-^E29~^^2 = E2. 
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Because of = (-F4(_20))b2 5 implies that 

{expH,{g))n,{g)g-^ E K,. 

Because of kt,{g) = {{exp H^{g))n^{g)g^^)^^ , we obtain 

K{g) e and g = k,{g){exp H,{g))n,{g) G K,AN+ . 

Hence (1) follows. 

(2) At first, V C K^AN~^ follows from (1). Conversely, take g E 
K^AN~^. Then g can be expressed hj g = keatu where k^ E K^, at = 
exp{tAl{l)) with t E M. and n E N^. Since = (-F4(-2o))£;2 
Lemma ITTST l). 

{gP-\E2) = {atnP-\k:^E2) = e^\P-\E2) = e'* > 0. 

Thus g eV, and so K,AN+ C V. Therefore V = K,AN+. 
At second, since 'H'(O) = Orfeir^^ ^o) (-^2) and Lemma [221^2), 

V = {gE F,^,20)\{P'\g''E2) >0} = {gE ^4(^20) |^?"'^2 G V^} 

= {ge F,^_20)\g''E2 e = {9 e F^^.^oMP'lg'^E^) ^ 0} 

= {gEF^t^_2o)\{9P~\E2)^Q]. 

So when we consider the real-analytic function / on -F4(„2o) '■ fi9) = 
{gP-\E2), we obtain V = {g E F4(-2o)\f{g) 7^ 0} and I? ^ 0. Therefore 
V is an open and dense set in -F4(_2o) , since -F4(_2o) is connected. Hence 
(2) follows. □ 

By direct calculation, we can prove the following corollary as similar 
to Lemma 18.41 and Corollary 18. 8[ 

Corollary 9.3. Assume p E ImO and x E O. Let n = exp(^_2(p) + 
g-i{x))EN-. 

(1) H,{n) = \ log((l - {x\x)f + A{p\p))Al{l). 

(2) (cf. [26] Lemma 4.12]) 

gA(//.(exp{e_.(p)+e_iW))) = ((1 _ [x\x)f + A{p\p))^ 

= {{l-\Q{G-,{x))f + 2Q{g_2{p)))'^. 

The group acts on J-" = G/{MAN^). Then f^^-orbits is finite 
PT| Theorem 1], and ii'e-orbits induce the decomposition of G [5T|, 
Theorem 3]. Let us denote the element P' := 0, 1; 0, 1, 0) E . 

Lemma 9.4. Let X E A^f (O). 

(1) Assume that {X\E2) 7^ 0. Then there exists k' E such that 
{k'X)p. = 0. 

(2) Assume that {X\E2) = 0. Then there exists k' E such that 
k'X = rP' for some r > 0. 

(3) P- = exp(ii(f))P'. 
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Proof. (1) X can be expressed by X = + X_„^ where G 
and X^„.^ G J-a2- Then 

X_,, = Fl {u) + Fl {v) and X,, = pE^ + q{E - E2) + Y 

where u,v G O, p,q G R and Y G {J'^)2E2,-i- And since i^^ = 
(-F4(-20)Xe2 = (-^4(-2o))'^', for all fco e -^e, wc get /i;oX_^2 ^ J'-^alcf- 
Lemma [3I5K2)), AiqX^^ = pE2 + q{E-E2) + koY and /cq^" G (J^)2i?2,-i. 
Now Y ^0. Suppose that Y = 0. Then = (X^^^^^ = gMff g = 0, 
and so (Xj^a) = p = tr(X) = 0. It contradicts with {X\E2) ^ 0. 

Since F 7^ and {X G {J')2E2,-i\ QE^iX) = 1} = OrbK^Ei - 
-^3) U ^^^i^e(^-^i + -^3) which is similar to Lemma 13.8( 2) is valid, 
there exists k' G and r > such that 

k'Y = r{E^-E^) or r{-E^ + Es), 

Then it implies that {k'X)pi = 0. 

(2) X can be expressed by X = h^{—r,0,r;xi,X2,Xs) where r > 
and Xi G O. For j G {1,3}, = (X^^)^^ ^ jff 

Xj = 0, because of X G H'(0). Thus X = /i^f-r, 0, r; 0, Xa, 0). Us- 
ing Proposition 13.10( 1). there exists k' E G such that k'X = 
r, 0, r; 0, r, 0) = rP'. Hence (2) follows. 

(3) It follows from Lemma [3.7( 1). □ 

Proposition 9.5. 

(1) Or6^,([P-]) = {[X]G^| (X|E2)^0}. 

(2) Orb^XlP']) = {[X] e iX\E2)=0}. 

(3) = OrbKA[P-])UOrbKA[P'])- 

Proof. (1) Put O = {[X] G J^l (XIE2) ^ 0}. Since = {F^_20))e2, 
acts on O. We will show that this action is transitive, let X G 
A/f(0) where (X|i?2) 7^ 0. At first, by Lemma lOT l). there exists 
k' G such that {k'X) pi = 0. Thus A;'X can be expressed by 

k'X = h^{^i,^2, ^3; Xi, 0, X3) for some G M and Xi G O. 

Since fc'X G ATf (O), 

(i) ^1 = {k'X\E,) < 0, (ii) ^1 + 6 + 6 = tr(A;'X) = 0, 

(iii) = {k'X)E, = ^3^1, (iv) = {k'X)E, = 6^3 - (a^iki). 

Then it follows that ^3 = 0, ^1 = —^2 and ^2 > form (i), (ii) and (iii). 
And by (iv), (xi|xi) = iff Xi = 0. Thus k'X = /ii(-^2, 6, 0; 0, 0, X3) 
with ^2 > 0. At second, using Proposition 13. 101 (1). there exists ko G 
D4 C K, such that kok'X = /ii(-^2, 6, 0; 0, 0, 6) = ^2^^"- Therefore 
[X] G OrbKc{[P~])y so the transitivity is proved. Hence (1) follows. 

(2) Put O' = {[X] G J'l {X\E2) = 0}. Since = {F^_2o))e2, 
acts on O' . We will show that this action is transitive. Take X G 
A/f(0) where (XIE2) = 0. By Lemma [931(2), there exists k' G K,. 
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[k'X] = [P'] E OrbxXlP']) and so and so the transitivity is proved. 
Hence (2) follows. 

(3) By (1) and (2), = OUO' = Or6x,([P-]) U Or6,^.([^'])- □ 



Theorem 9.6. 

(1) 

= {ge F4(_20)| (^^^'l^s) 0} 

= {9^ i^4(-20)| i9P~\E2) > 0} = K^AN-'. 

(2) K^exp (-iKf)) MAiV+ = {ge F4(_20)| (^7P-|^2) = 0}. 

(3) F4(_20) = ir.MAiV+ U exp (-il(f )) MAiV+. 

Proo/. Denote Vi = {g e F4(_20)| (^^^^1^2) ^ 0} and V2 = {g e 
F^-2o)\ {gP-\E2)=0}. 

(1) Let g e Vi. Using Proposition [n3](l), [gP-] E OrbR-XlP'])- 
Thus there exists k' G such that 

fc'5[p-] = A;'[(^p-] = [p-]. 

Therefore k'g G Stafei^^j ^gj ([P~]), and so by Theorem 17.6( 1). 

k'g = man for some m G M, a E A and n G A^"*". 

Hence g = k-^man G K^AN and so C K.MAN. 

Conversely, let k'atmn G K.MAN where k' G -ft'e, at = exp(tA3(l)) 
with t G M and n G A^~. Since k'~^ G (P4(-20))£;2 a^id Lemma 17151 (1) . 

{k'atmnP-\E2) = {matnP-\k'-^ E2) = e^*(P~|E2) = e^* ^ 0. 

Thus k'atmn G Pi, and so K.MAN C Pi. Therefore i^eMAiV = Vi. 
Next by Main Theorem 11(2), Vi = V = K.AN+. Hence (1) follows. 

(2) Let g G V2. Using Proposition [n3](2), [gP-] G Or6;^^([P']). Thus 
there exists k' G K. such that [fe'^fP^] = [P']. Next by Lemma [9.4( 3). 

exp [a\ Q) k'g[p-] = [exp [a\ Q) P'] = [p-]. 

Thus exp ^^i(f)j k'g G Stabp^^_^^^{[P~]), and so by Theorem 17.6( 1). 

exp (^A\ (^"^j j ^'S' = man for some m G M, a G A and n G A^"*". 

Hence g = k^^ exp (^-^Uf)) ^(^^ ^ K.exp (-^Uf)) MAN and so 
©2 C K.exp (-iKf)) 

Conversely, let k' exp ^~^i(f)j a(mn G K.MAN where k' G -ft'e, 
at = exp(ty4;^(l)) with t e R and n G iV". Since A;'"^ G (P4(-20))£;2) 
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Lemma [7.5( 1) and Lemma [3.7( 2). 
(fc'exp (^-A\ Q)) atmnP-\E2) = {matnP^\ exp (^Al (^^)) k'-^E2) 

= e'\p-\exp (i} (I)) E2) = e'\P~\E,) = 0. 

Thus fc'exp (-^Kf)) citmn G ©2, and so i^.exp (-iKf)) MAA^ C 

V2. Therefore i^eexp (-iUf)) MAA^ = ©2- 

(3) It follows from (1), (2) and F4(_2o) = U I52- □ 

Remark 9.7. Proposition 19.5( 3) and Theorem 19.61 are special cases 
of [21], Theorems 1 and 3], so the decomposition in Theorem 19.6( 3) is 
called a Matsuki decomposition of F^_2o). 
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